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Author:
Ioana-Maria FLONDOR

2025
Bucharest



Thesis content
List of articles published by the author and acknowledgments 4

Notations 6

Introduction 8

1 Functions of generalized Fourier multiplier 13
1.1 Preliminary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 14
1.2 Generalized Fourier multipliers . . . . . . . . . . . . . . . . . . . . . . 19
1.3 Functions of generalized Fourier multipliers . . . . . . . . . . . . . . . . 31
1.4 Existence and regularity of solutions to the equation . . . . . . . . . . . 35
1.5 Example (Weyl transform) . . . . . . . . . . . . . . . . . . . . . . . . . 39

2 α-windowed Fourier Transform (α-WFT) 43
2.1 Preliminary results . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 44
2.2 Definition and examples . . . . . . . . . . . . . . . . . . . . . . . . . . 45
2.3 Properties of the α-windowed Fourier transform . . . . . . . . . . . . . 50
2.4 Uncertainty principle . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
2.5 Connection between the fractional Wigner distribution and α-WFT . . 68
2.6 Versions of the α-windowed Fourier transform . . . . . . . . . . . . . . 71

3 Localization operators 73
3.1 Localization operators Lασ,ϕ,ψ associated with α-WFT . . . . . . . . . . 73

3.2 Localization operators βLασ,ϕ,ψβ associated with α-WFT . . . . . . . . . 84

Other contributions of the author 93

Bibliography 95

1



Thesis summary
Please note that the numbering of all the statements in this abstract

coincides with the numbering of the PhD thesis.

The dissertation is organized as follows.
In the first chapter of this thesis, entitled “Functions of generalized Fourier mul-

tipliers”, we introduce and study a class of linear operators defined on a separable
Hilbert space H. All these results have been published in the original paper [9], enti-
tled “Generalized Fourier multipliers”, a paper that was published in Annals of
Functional Analysis, vol. 14, article number 34, 2023, to which the author of the thesis
was coauthor with Viorel Catană and Horia-George Georgescu.

Let H be a separable complex Hilbert space endowed with the inner product (·, ·)H,
{en}n∈Z be an orthonormal basis of H and A : H → H be a bounded linear operator.
Then we introduce the linear operator

FA
H : H → L2(Z), FA

Hf = {(Af, en)H}n∈Z (1)

for all f ∈ H. This operator can be called
”
coordinatization map”.

Theorem 1.1 (Plancherel’s Theorem) Let A ∈ B(H) such that A2 = I, where
I : H → H is the identity operator. Then, the linear operator FA

H : H → L2(Z)
satisfies the following relation(

FA
Hf,FA

Hg
)
L2(Z) = (Af,Ag)H.

for all f, g ∈ H. Moreover, the linear operator FA
H : H → L2(Z) is a bijection.

Remark 1.1 If we suppose in addition that A is a self-adjoint operator, then it
follows that FA

H : H → L2(Z) is an isometric isomorphism.

Corollary 1.1 The linear operator
(
FA

H
)−1

= FA
Z : L2(Z) → H defined by(

FA
H
)−1

a = FA
Z a =

∑
n∈Z

anAen, (2)

for all a = {an}n∈Z in L2(Z), is the inverse of the operator FA
H : H → L2(Z).

Remark 1.2 (i) Let a ∈ L2(Z) and let A2 = I, where I : H → H is the identity

operator. Then by the preceding definition FA
Z =

(
FA

H
)−1

: L2(Z) → H we get

FA
Z a =

∑
n∈Z

anAen. So,

AFA
Z a =

∑
n∈Z

anA
2en =

∑
n∈Z

anen

and (
AFA

Z a, em
)
H = am,

for all m ∈ Z. In addition, let us observe that
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∥∥AFA
Z a
∥∥2
H =

∥∥∥∥∥∑
n∈Z

anen

∥∥∥∥∥
2

H

=
∑
n∈Z

|an|2.

(ii) Let A ∈ B(H) be a bounded linear operator such that A2 = I. Then the
following statements are equivalent:
(j) A is a self-adjoint operator;
(jj) A is a unitary operator;
(jjj) A is an isometry.

Remark 1.3 If we consider A = I : H → H and H = L2(S1), where S1 is the

unitary circle with center at the origin, en(s) =
1√
2π
eins, for s ∈ S1, n ∈ Z and

σ ∈ L∞(Z), then we recover the Fourier multipliers on S1, which have been studied in
papers [23], [24], [25], [26] and [35].

In the following we present the definition of generalized Fourier multipliers.

Definition 1.1 Let σ : Z → C be a measurable function on Z and let A ∈ B(H)
be a bounded linear operator on H. Then, we can define formally the linear operator
TAσ : H → H by the following formula

TAσ f =
∑
n∈Z

σ(n)(Af, en)HAen. (3)

for all f ∈ H.
If we suppose A2 = I where I : H → H is the identity operator, using Theorem 1.1

and the relations (1), (2), we can rewrite the above operator in the following way

TAσ f = FA
Z (σ · FA

Hf) =
(
FA

H
)−1

(σ · FA
Hf), (4)

for all f ∈ H.
Let us observe that the first equality in the relation (4) occurs for any bounded

linear operator and the second one is valid only if A2 = I.
Let us remark that if A2 = I and A is a self-adjoint operator, then the generalized

Fourier multiplier TAσ coincides with a standard Fourier multiplier on H, which has the
form

Tσ =
∑
n∈Z

σ(n)(f, φn)Hφn, ∀f ∈ H,

where {φn}n∈Z is an orthonormal basis on H.
In particular, if A = I then the generalized Fourier multiplier TAσ defined in (3) also

coincides with a standard Fourier multiplier. Therefore, we shall call TAσ the generalized
Fourier multiplier on H corresponding to the symbol σ, whenever the series in (3) is
convergent in H.

We may also remark that, in the particular case A = I, where I : H → H is
the identity operator and the Hilbert space H is equal to L2(S1) or L2(S), we obtain
two significant examples of standard Fourier multipliers introduced and studied in the
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papers [7] and [8]. We note that here S1 represents the unitary circle with center at
the origin and (S,B,m) is a finite measure space so that L2(S) is a separable Hilbert
space.

In the following we are interested in studying the boundedness, compactness and
Schatenn von-Neuman properties for this class of generalized Fourier multipliers.

Proposition 1.2 Let σ : Z → C be a measurable function such that σ ∈ L1(Z) and
let A ∈ B(H) be a bounded linear operator. Then the generalized Fourier multiplier
TAσ : H → H is bounded. In addition∥∥TAσ ∥∥B(H)

≤ ∥A∥2B(H)∥σ∥L1(Z).

Proposition 1.3 Let σ ∈ L∞(Z) and let A : H → H be a bounded linear operator.
Then TAσ : H → H is a bounded linear operator and

∥TAσ ∥B(H) ≤ ∥A∥2B(H)∥σ∥L∞(Z).

Proposition 1.4 Let σ : Z → C be a measurable function and let A : H → H be
a bounded linear operator such that A2 = I. Then TAσ : H → H is a bounded linear
operator if and only if σ ∈ L∞(Z). Moreover, if σ ∈ L∞(Z), then

∥TAσ ∥B(H) ≤ ∥A∥2B(H)∥σ∥L∞(Z).

In addition, if we suppose that A : H → H is also a self-adjoint operator, then

∥TAσ ∥B(H) = ∥A∥2B(H)∥σ∥L∞(Z) = ∥σ∥L∞(Z).

The last equality is a consequence of Remark 1.2 (iii).

Theorem 1.3 Let σ ∈ Lp(Z), 1 < p < ∞ and let A : H → H be a bounded linear
operator. Then, there exists a unique bounded linear operator TAσ : H → H such that∥∥TAσ ∥∥B(H)

≤ ∥σ∥Lp(Z)∥A∥2B(H),

where TAσ is given by (4) for f ∈ H and all simple function σ on Z for which µ{n ∈
Z : σ(n) ̸= 0} <∞.

Remark 1.4 In addition, if we suppose A2 = I it follows that

∥TAσ ∥B(H) ≤ ∥σ∥Lp(Z)

by using Remark 1.2 (iii).

In the next theorem we present a result on the spectral theory of generalized Fourier
multipliers on H.

Theorem 1.4 Let σ : Z → C be a measurable function such that σ ∈ L∞(Z) and
let A : H → H be a bounded linear operator such that A2 = I, where I : H → H is
the identity operator. Then, σ(n) is an eigenvalue of TAσ : H → H and Aen is the
corresponding eigenfunction for all n ∈ Z. Moreover, the spectrum Σ(TAσ ) of TAσ is
given by
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Σ
(
TAσ
)
= {σ(n) : n ∈ Z}c ,

where {. . . }c denotes the closure in C of the set {. . . }.
Theorem 1.5 Let σ : Z → C be a measurable function such that σ ∈ L1(Z) and

let A : H → H be a bounded and self-adjoint operator. Then the generalized Fourier
multiplier TAσ : H → H is in Schatten-von Neumann class S1 (trace class) and∥∥TAσ ∥∥S1

≤ 4∥A∥2B(H)∥σ∥L1(Z).

Theorem 1.6 Let σ ∈ Lp(Z), 1 ≤ p ≤ ∞ and let A : H → H be a bounded
and self-adjoint operator. Then the generalized Fourier multiplier TAσ : H → H is in
Schatten-von Neumann class Sp and∥∥TAσ ∥∥Sp

≤ 4
1
p∥A∥2B(H)∥σ∥Lp(Z).

The following proposition gives a characterization of compact generalized Fourier
multipliers TAσ : H → H.

Proposition 1.5 Let σ ∈ Lp(Z), 1 ≤ p < ∞ be a measurable function and let
A : H → H be a bounded and self-adjoint operator. Then the generalized Fourier
multiplier TAσ : H → H is compact.

The following result gives the formula for the trace tr(TAσ ) of the generalized Fourier
multiplier TAσ : H → H when σ ∈ L1(Z).

Theorem 1.7 Let σ ∈ L1(Z) and let A : H → H be a bounded and self-adjoint
operator. Then the generalized Fourier multiplier TAσ : H → H is in Schatten-von
Neumann class S1 and its trace is given by

tr(TAσ ) =
∑
n∈Z

σ(n)∥Aen∥2H,

where {en}n∈Z is an orthonormal basis.

We further define the function of generalized Fourier multipliers F (TAσ ) : H → H,
where F : C → C is a continuous function.

Definition 1.2 Let F : C → C be a continuous function, let σ : Z → C be a
measurable function and let A : H → H be a bounded linear operator. Then we define
formally the linear operator F (TAσ ) : H → H by the following formula

F (TAσ )f =
∑
n∈Z

F (σ(n))(Af, en)HAen, f ∈ H,

where TAσ : H → H is a generalized Fourier multiplier on H.

The following theorem gives necessary and sufficient conditions in order that the
function of generalized Fourier multiplier F (TAσ ) : H → H on a Hilbert space H to be
a compact operator.
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Theorem 1.8 Let σ : Z → C be a measurable function, let F : C → C be a
continuous function such that F ◦ σ ∈ L∞(Z) and let A : H → H be a bounded and
self-adjoint operator such that A2 = I. Then F (TAσ ) : H → H is a compact operator if
and only if

lim
|n|→∞

F (σ(n)) = 0.

The following result refers to the absolute value of the function of generalized Fourier
multipliers F (TAσ ) : H → H.

Theorem 1.9 Let σ : Z → C be a measurable function, let A : H → H be a bounded
and self-adjoint operator such that A2 = I and let F : C → C be a continuous function
with the following properties:
(i) F ◦ σ ∈ L∞(Z);
(ii) F ◦ σ = F ◦ σ;
(iii) F (σ(n)) → 0 as |n| → ∞;
(iv) F (z1z2) = F (z1)F (z2), for all z1, z2 ∈ C.

Then ∣∣F (TAσ )∣∣ = F (TA|σ|),

where
∣∣F (TAσ )∣∣ = (F (TAσ )∗F (TAσ )) 1

2 denotes the absolute value of the operator F (TAσ ) :
H → H.

In the following result we study the Schatten-von Neumann property of the function
of generalized Fourier multipliers F

(
TAσ
)
: H → H.

Theorem 1.10 Let σ : Z → C be a measurable function, let A : H → H be a
bounded and self-adjoint operator such that A2 = I and let F : C → C be a continuous
function with the following properties:
(i) F ◦ |σ| ∈ Lp(Z), 1 ≤ p <∞;
(ii) F ◦ σ = F ◦ σ;
(iii) |F ◦ σ| = |F ◦ |σ||;
(iv) F (z1z2) = F (z1)F (z2), for all z1, z2 ∈ C.

Then F
(
TAσ
)
: H → H is in the Schatten-von Neumann class Sp if and only if

F ◦ |σ| ∈ Lp(Z), 1 ≤ p <∞. Moreover, if F ◦ |σ| ∈ Lp(Z), then∥∥F (TAσ )∥∥Sp
= ∥F ◦ |σ|∥Lp(Z),

where ∥ · ∥Sp denotes the norm in the Schatten-von Neumann class Sp.

Let A : H → H be a bounded linear operator such that A2 = I and let F : R → R+

be a continuous function. In the following we give some results regarding the solvability
of the equation

F
(
TAσ
)
f + λf = g, f, g ∈ H, (5)
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associated to the linear operator F
(
TAσ
)
: H → H where λ is a positive real number.

We can rewrite the equation (5) as follows:

F
(
TAσ
)
f + λf = g ⇔

∑
n∈Z

F (σ(n))(Af, en)HAen + λ
∑
n∈Z

(Af, en)HAen = g

⇔
∑
n∈Z

(F (σ(n)) + λ) (Af, en)HAen = g

⇔
∑
n∈Z

(F (σ(n)) + λ)FA
Hf(n)Aen = g.

(6)

Now, let us suppose that σ : Z → R is a real-valued non-negative measurable
function and that λ is a positive real number. Using the fact that the linear operator
FA

H : H → L2(Z) is a bijection (by Theorem 1.1), it follows that for any g ∈ H there

exists f ∈ H such that FA
Hf(n) =

FA
Hg(n)

F (σ(n)) + λ
for all n ∈ Z, because the sequece{

FA
Hg(n)

F (σ(n)) + λ

}
∈ L2(Z).

Let g ∈ H be an arbitrary element and let us remark that g =
∑
n∈Z

(Ag, en)HAen.

Then, it follows that f ∈ H defined by

f =
∑
n∈Z

(Ag, en)H
F (σ(n)) + λ

Aen

is the unique solution of the equation (5).
Indeed, by relation (6), we have

(
F
(
TAσ
)
+ λ
)
f =

∑
n∈Z

(F (σ(n)) + λ) · FA
Hg(n)

F (σ(n)) + λ
Aen

=
∑
n∈Z

(Ag, en)HAen

= A

(∑
n∈Z

(Ag, en)Hen

)
= A(Ag) = g.

In order to study the regularity of the solutions of equation (5) we need to introduce
some convenient Hilbert spaces (for more details on the genesis of these Hilbert spaces,
see for example the papers [3], [4] and [16]).

Regarding the regularity of the solution of equation (5), we introduce the space

H̃A,k
σ as follows: first, consider the Hilbert space

L2,k
σ (Z) =

{
{αn}n∈Z , αn ∈ C :

∑
n∈Z

|αn|2
(
1 + (σ(n))2

)k
<∞

}
, k ∈ (0,∞)
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in which the inner product is given by

(α, β)L2,k
σ (Z) =

∑
n∈Z

αnβn
(
1 + (σ(n))2

)k
,

for all α = (αn)n∈Z , β = (βn)n∈Z , αn, βn ∈ C. Then we set

H̃A,k
σ =

{
f ∈ H :

∑
n∈Z

|(Af, en)H|2
(
1 + (σ(n))2

)k
<∞

}
=
{
f ∈ H :

{
FA

Hf(n)
}
n∈Z ∈ L2,k

σ (Z)
}
, k ∈ (0,∞).

The space H̃A,k
σ is endowed with the inner product

(f1, f2)H̃A,k
σ

=
({

FA
Hf1(n)

}
n∈Z ,

{
FA

Hf2(n)
}
n∈Z

)
L2,k
σ (Z)

=
∑
n∈Z

FA
Hf1(n)FA

Hf2(n)
(
1 + (σ(n))2

)k
,

if

f1 =
∑
n∈Z

FA
Hf1(n)Aen, f2 =

∑
n∈Z

FA
Hf2(n)Aen.

Let us remark that H̃A,k
σ is a Hilbert space isometrically isomorphic to L2,k

σ (Z) by
the isometric isomorphism GA,k

σ : H̃A,k
σ → L2,k

σ (Z) given by

GA,k
σ f =

{
FA

Hf(n)
}
n∈Z .

Indeed, ∥∥GA,k
σ f

∥∥2
L2,k
σ (Z) =

∑
n∈Z

∣∣FA
Hf(n)

∣∣2 (1 + (σ(n))2
)k

= ∥f∥2H̃A,k
σ

.

Let F : R → R+ be a non-negative real continuous function. Suppose that there
exists a positive constant C such that

C
(
1 + τ 2

) k
2 < F (τ), (7)

for all τ ∈ Σ
(
TAσ
)
= {σ(n) : n ∈ Z}c. This is an ellipticity condition on function F .

Now, let us consider the space

H̃A
F,σ =

{
f ∈ H :

∑
n∈Z

|(Af, en)H|2 (1 + F (σ(n)))2 <∞

}
with the inner product defined by

(f, g)H̃A
F,σ

=
∑
n∈Z

(Af, en)H(Ag, en)H (1 + F (σ(n)))2 ,

8



for all f, g ∈ H. By the ellipticity condition (7) the following continuous inclusion
holds:

H̃A
F,σ ↪→ H̃A,k

σ .

Now, we consider the operator LAF,σ : H̃A
F,σ → H, LAF,σ = F (TAσ ) + I, defined by

LAF,σf =
∑
n∈Z

(F (σ(n)) + 1) (Af, en)HAen

for all f ∈ H̃A
F,σ, where I : H → H is the identity operator.

Proposition 1.6 Let σ : Z → C be a real-valued non-negative measurable function,
let A : H → H be a bounded linear operator such that A2 = I, let TAσ : H → H be
the corresponding generalized Fourier multiplier and let F : R → R+ be a real-valued
non-negative continuous function that satisfies relation (7). Then, for any g ∈ H, the
linear equation

LAF,σf = g

has a unique solution f ∈ H̃A
F,σ. Moreover,

∥f∥H̃A
F,σ

= ∥Ag∥H.

Remark 1.5 If we suppose, in addition, that the linear operator A : H → H in

Proposition 1.6 is also a self-adjoint operator, we obtain ∥f∥H̃A
F,σ

= ∥g∥H for f ∈ H̃A
F,σ

and g ∈ H.

Remark 1.6 By the above hypoteses, the linear equation F (TAσ )f + λf = g is

equivalent to the linear equation LAG,σf = h, where G =
F

λ
and h =

g

λ
. So, by

Proposition 1.6 the last equation has a unique solution f ∈ H̃A
G,σ and in addition

∥f∥H̃A
G,σ

= ∥Ah∥H.

∥f∥H̃A
G,σ

= ∥Ah∥H.

Thus, the initial linear equation has a unique solution f ∈ H̃A
G,σ = H̃A

F
λ
,σ
with

∥f∥H̃A
F
λ

,σ

=
1

λ
∥Ag∥H.

If the linear operator A ∈ B(H) is also a self-adjoint operator, then

∥f∥H̃A
F
λ

,σ

=
1

λ
∥g∥H.
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In the following we present an example of a function of generalized Fourier mul-
tipliers in connection with a well-known and very important transformation showing
the interplay between the time–frequency analysis and pseudo–differential operators,
namely the Weyl transform. For more details on the Weyl transform, see for example
the papers [36] and [37].

Let Wτ : L
2(Rn) → L2(Rn) be the Weyl transform defined by

(Wτf, g)L2(Rn) = (2π)−
n
2

∫
Rn

∫
Rn

τ(x, ξ)W (f, g)(x, ξ)dxdξ

where

W (f, g)(x, ξ) = (2π)−
n
2

∫
Rn

e−iyξf
(
x+

y

2

)
g
(
x− y

2

)
dy

is the Wigner transform and

τ ∈ Lr∗
(
R2n
)
=
{
τ ∈ Lr

(
R2n
)
: τ̂ ∈ Lr

′ (R2n
)}

,

where 2 ≤ r ≤ ∞ and r′ is a conjugate index of r

(
i.e.

1

r
+

1

r′
= 1

)
and τ̂ is a Fourier

transform of τ . Then by Theorem 14.3 from the paper [37], it follows that the Weyl
transform Wτ : L

2 (Rn) → L2 (Rn) is a bounded linear and compact operator.
When τ is a real valued symbol it follows thatWτ : L

2 (Rn) → L2 (Rn) is also a self-
adjoint linear operator. Hence, using the spectral theorem for compact and self-adjoint
operators, we get

Wτf =
∑
n∈Z

σ(n) (f, φn)φn, f ∈ L2 (Rn) ,

where {φn}n∈Z is an orthonormal basis for L2 (Rn) consisting of eigenvectors of Wτ :
L2 (Rn) → L2 (Rn) and σ(n) is the eigenvalue ofWτ : L

2 (Rn) → L2 (Rn) corresponding
to the eigenfunction φn, n ∈ Z; the convergence of the series is understood to be in
L2 (Rn).

Let A : H → H be a self-adjoint invertible operator. Then, for {ψn}n∈Z =
{A−1φn}n∈Z, we can write

Wτf =
∑
n∈Z

σ(n)(f, Aψn)Aψn =
∑
n∈Z

σ(n)(Af, ψn)Aψn = WA
τ f,

the last equality being a notation.
Let F : C → C be a continuous function. We define the linear operator F

(
WA
τ

)
:

L2 (Rn) → L2 (Rn), by

F
(
WA
τ

)
f =

∑
n∈Z

F (σ(n)) (Af, ψn)Aψn.

10



Then we can prove similar results for the operator F (WA
τ ) : L

2(Rn) → L2(Rn) as
those obtained for the operator F

(
TAσ
)
: H → H, where H = L2(Rn) and TAσ = WA

τ .
For example, we can state the following theorem.

Theorem 1.11 Let τ : Rn × Rn → R be a symbol with the properties stated above,
let WA

τ : L2(Rn) → L2(Rn) be the corresponding generalized Fourier multiplier and let
F (WA

τ ) : L
2(Rn) → L2(Rn) be a linear operator, where A : H → H is a bounded and

self-adjoint operator such that A2 = I. Let σ : Z → C be a measurable function and let
F : C → C be a continuous function with the following properties:
(i) F (z1z2) = F (z1)F (z2) for all z1, z2 ∈ C;
(ii) |F ◦ σ| = |F ◦ |σ||;
(iii) F ◦ σ = F ◦ σ.

Then the following statements are true:
(j) The linear operator F (WA

τ ) : L
2(Rn) → L2(Rn) is bounded if and only if F ◦ σ ∈

L∞(Z). Moreover, if F ◦ σ ∈ L∞(Z) then

∥F (WA
τ )∥B(L2(Rn)) = ∥F ◦ σ∥L∞(Z);

(jj) Suppose that the linear operator F (WA
τ ) : L2(Rn) → L2(Rn) is a bounded linear

operator. Then F (WA
τ ) : L

2(Rn) → L2(Rn) is compact if and only if F (0) = 0;
(jjj) The linear operator F (WA

τ ) : L
2(Rn) → L2(Rn) is in the Schatten-von Neumann

class Sp, 1 ≤ p <∞, if and only if F ◦ |σ| ∈ Lp(Z). Moreover, if F ◦ |σ| ∈ Lp(Z), then

∥F (WA
τ )∥Sp = ∥F ◦ |σ|∥Lp(Z).

Remark 1.7 If the bounded linear operator A ∈ B(H) satisfies the hypotheses in
Theorem 1.11, then the Weyl transform is actually a standard Fourier multiplier.

Chapter 2, entitled ”α-windowed Fourier transform (α-WFT)”, is dedicated to the
introduction of a new time-frequency transform, called the α-WFT, Gα

ϕ : L2(R2) →
L2(R2) where α is a fractional parameter and ϕ ∈ L2(R) \ {0} is a window function.

The results presented in this chapter were the subject of the original paper [10],
entitled “α-Windowed Fourier transform (α-WFT)”, published in Journal of
Pseudo-Differential Operators and Applications, vol. 15, article number 75, 2024, to
which the author of the thesis was coauthor with Viorel Catană and Mihaela Grat, iela
Scumpu.

To begin with, we briefly introduce some notions related to the fractional Fourier
transform, which was originally introduced by Almeida in his paper [1].

Definition 2.1 For any function f ∈ L2(R), the α-order fractional Fourier trans-
form (FrFT) is denoted by Fα and is given by

Fα[f ](ξ) =

∫
R
f(x)Kα(x, ξ)dx, (8)

where Kα(x, ξ) denotes the kernel of the FrFT and is given by
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Kα(x, ξ) =


√

1−i cotα
2π

exp
{
i(x2+ξ2) cotα

2
− iξx cscα

}
, α ̸= kπ

δ(x− ξ), α = 2kπ

δ(x+ ξ), α = 2(k + 1)π,

where (x, ξ) ∈ R2, k ∈ Z and δ(·) is a Dirac function.

In the particular case α =
π

2
the fractional Fourier transform of the function f ∈

L2(R) reduces, according to [1], to the classical Fourier transform defined by

F [f ](ξ) =
1√
2π

∫
R
f(x) exp {−iξx} dx.

The inverse fractional Fourier transform corresponding to the relation (8) is given
by

f(x) =

∫
R
Fα[f ](ξ)Kα(x, ξ)dξ.

For any f, g ∈ L2(R), the Parseval’s relation for the fractional Fourier transform is
given by

(Fα[f ],Fα[g])L2(R) = (f, g)L2(R) .

In particular, for f = g, we obtain

∥Fα[f ]∥2L2(R) = ∥f∥2L2(R) .

which is the energy preserving relation.

The next result is a definition of fractional convolution.

Definition 2.2 Let f, g ∈ L2(R) be two functions. Then the α-order fractional
convolution is denoted by ∗α and is defined as

(f ∗α g)(u) =
1√
2π

∫
R
f(x)g(u− x) exp

{
i(x2 − u2) cotα

2

}
dx. (9)

For α =
π

2
, the fractional convolution defined above reduces to the classical convo-

lution given by

(f ∗ g)(u) = 1√
2π

∫
R
f(x)g(u− x)dx.

The convolution theorem corresponding to (9) states that

Fα[f ∗α g](ξ) = Fα[f ](ξ)F [g](ξ cscα),

for all f, g ∈ L2(R).

In the following we define the concept of the α-windowed Fourier transform. First,
we recall the definition of the classical windowed Fourier transform (WFT) introduced
by Gabor in the paper [15].

Definition 2.3 (WFT) For a window function ϕ ∈ L2(R) \ {0}, its window dau-
ghter function or its windowed Fourier kernel is denoted by ϕω,u and is defined by
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ϕω,u(x) = ϕ(x− u) exp{iωx}.

The WFT of f ∈ L2(R) with respect to the window function ϕ ∈ L2(R) \ {0} is defined
by

Gϕf(ω, u) =

∫
R
f(x)ϕω,u(x)dx.

For an efficient mathematical treatment of the α-windowed Fourier transform to be
introduced, we define a family of functions Fα

ϕ (ω, u).

Definition 2.4 For a window function ϕ ∈ L2(R) \ {0} together with the fractional
parameter α, a family of functions Fα

ϕ (ω, u) is defined by

Fα
ϕ (ω, u) =

{
ϕαω,u(x) := ϕ(x− u) exp

{
iωx− i(x2 − u2) cotα

2

}
, ω, u, x ∈ R

}
,

where α ̸= nπ, n ∈ Z is called a fractional parameter.

Lemma 2.1 For ϕαω,u ∈ L2(R) we have∥∥ϕαω,u∥∥L2(R) = ∥ϕ∥L2(R).

Definition 2.5 (α-WFT) Let ϕ ∈ L2(R) \ {0} be a window function and let α be
a fractional parameter such that α ̸= nπ, n ∈ Z. Then, the α-WFT of f ∈ L2(R) with
respect to ϕ and α is defined by

Gα
ϕf(ω, u) =

(
f, ϕαω,u

)
L2(R)

=

∫
R
f(x)ϕαω,u(x)dx

=

∫
R
f(x)ϕ(x− u) exp

{
iωx− i(x2 − u2) cotα

2

}
dx

=

∫
R
f(x)ϕ(x− u) exp

{
−iωx+ i(x2 − u2) cotα

2

}
dx,

(10)

for all (ω, u) ∈ R2.

Remark 2.1 It is worth noticing that the α-windowed Fourier transform (α-WFT)
boils down to the usual windowed Fourier transform (WFT) when α = π

2
.

The properties of the α-windowed Fourier transform were a topic of interest in the
second chapter, so we state some results below.

Remark 2.2 The α-windowed Fourier transform defined in the relation (10) can
also be expressed in the convolution form as

Gα
ϕf(ω, u) =

(
M−ωf ∗α ϕ̃

)
(u),

where M−ωf(x) = exp {−iωx} f(x) s, i ϕ̃(x) = ϕ(−x).
Moreover, we can observe that the following equality holds
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Fα[Gα
ϕf(ω, u)](ξ) = Fα[M−ωf ](ξ)F [ϕ̃](ξ cscα).

Lemma 2.2 Let Gα
ϕf(ω, u) be the α-windowed Fourier transform of any function

f ∈ L2(R) with respect to the window function ϕ ∈ L2(R). Then, we get

Gα
ϕf(ω, u) = exp {−iωu}

∫
R
Fα[f ](ξ)F [exp{iωz}ϕ(z)](ξ cscα)Kα(u, ξ)dξ,

where F denotes the Fourier transform given by (8) in the particular case α =
π

2
and

(ω, u) ∈ R2.

The following two results refer to the boundedness of the α-windowed Fourier trans-
form.

Theorem 2.3 Let ϕ ∈ Lp(R), 1 ≤ p ≤ ∞ and let f ∈ L1(R). Then,∥∥Gα
ϕf(ω, ·)

∥∥
Lp(R) ≤ ∥ϕ∥Lp(R) ∥f∥L1(R),

for all ω ∈ R.
Proposition 2.1 Let ϕ ∈ Lp(R) and let f ∈ Lq(R) where p, q ∈ [1;∞] such that

1

p
+

1

q
= 1. Then, ∣∣Gα

ϕf(ω, u)
∣∣ ≤ ∥ϕ∥Lp(R) ∥f∥Lq(R),

for all (ω, u) ∈ R2.

Remark 2.3 If we assume p = q = 2 under the assumptions of Proposition 2.1 we
obtain the estimate ∣∣Gα

ϕf(ω, u)
∣∣ ≤ ∥ϕ∥L2(R) ∥f∥L2(R) ,

for all (ω, u) ∈ R2. Thus, it follows that Gα
ϕh is a bounded function on R2 for all

f, ϕ ∈ L2(R), where h(x) = f(x) exp
{
ix2 cotα

2

}
.

Proposition 2.2 The α-windowed Fourier transform (α-WFT) of a function f ∈
L2(R) with respect to a fractional parameter α and a window function ϕ ∈ L2(R) \ {0}
can be reduced to the classical windowed Fourier transform (WFT), as follows

Gα
ϕf(ω, u) = exp

{
−iu

2 cotα

2

}
Gϕh(ω, u),

for all (ω, u) ∈ R2, where h(x) = f(x) exp

{
ix2 cotα

2

}
.

In the next result we study some properties of the α-windowed Fourier transform.

Theorem 2.4 Let ϕ ∈ L2(R) \ {0} be a window function and let α be a fractional
parameter. Then, the α-windowed Fourier transform (α-WFT) satisfies the following
properties:
(i) Linearity:
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[Gα
ϕ(λf + µg)(ω, u)] = λGα

ϕf(ω, u) + µGα
ϕg(ω, u),

for all f, g ∈ L2(R) and for arbitrary constants λ and µ.
(ii) Parity:

Gα
Pϕ(Pf)(ω, u) = Gα

ϕf(−ω,−u),

where Pf(x) = f(−x) for every f ∈ L2(R).
(iii) Modulation:

Gα
ϕ(Mω0f)(ω, u) = Gα

ϕf(ω − ω0, u),

where Mω0f(x) = exp {iω0x} f(x) for every f ∈ L2(R).
(iv) Shift:

Gα
ϕ(Tx0f)(ω, u) = exp {−iux0 cotα} exp {−i(ω − x0 cotα)x0}

×Gα
ϕf(ω − x0 cotα, u− x0),

where Tx0f(x) = f(x− x0) for every f ∈ L2(R).
(v) Conjugation:

Gα
ϕ
(f)(ω, u) = G−α

ϕ f(−ω, u),

for all f ∈ L2(R).
(vi) Switching f with ϕ:

Gα
ϕf(ω, u) = exp

{
−iu2 cotα

2

}
exp {−iωu}G−α

f ϕ(−ω + u cotα,−u)

for all f ∈ L2(R).

In the following, we recall a property of the α-windowed Fourier transform concer-
ning the orthogonality relation.

Theorem 2.5 (Orthogonality relation) Let ϕ, ψ ∈ L2(R) \ {0} be two window
functions and let α be a fractional parameter. Then∫

R

∫
R
Gα
ϕf(ω, u)G

α
ψg(ω, u)dωdu = 2π (ψ, ϕ)L2(R) (f, g)L2(R),

for all f, g ∈ L2(R).
Remark 2.6 According to this theorem, the following statements are true:

(i) If ϕ = ψ, than∫
R

∫
R
Gα
ϕf(ω, u)G

α
ϕg(ω, u)dωdu = 2π ∥ϕ∥2L2(R) (f, g)L2(R).

(ii) If f = g and ϕ = ψ, then∫
R

∫
R

∣∣Gα
ϕf(ω, u)

∣∣2 dωdu = 2π ∥ϕ∥2L2(R) ∥f∥
2
L2(R),
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or equivalently ∥∥Gα
ϕf
∥∥
L2(R) = (2π)

1
2 ∥ϕ∥L2(R) ∥f∥L2(R).

(iii) If ∥ϕ∥L2(R) = 1 in (ii), then∫
R

∫
R

∣∣Gα
ϕf(ω, u)

∣∣2 dωdu = 2π ∥f∥2L2(R).

(iv) If ∥ϕ∥L2(R) = 1 and ∥f∥L2(R) = 1 in (ii), then∫
R

∫
R

∣∣Gα
ϕf(ω, u)

∣∣2 dωdu = 2π.

Another interesting property of the windowed Fourier transform is the inversion for-
mula, which allows the reconstruction of the original signal from its windowed Fourier
transform.

Theorem 2.6 (Inversion formula) Let ϕ, ψ ∈ L2(R)\{0} be two window functions
such that (ψ, ϕ)L2(R) ̸= 0 and let α be a fractional parameter. Then, any function

f ∈ L2(R) can be reconstructed as follows

f(x) =
1

2π (ψ, ϕ)L2(R)

∫
R

∫
R
Gα
ϕf(ω, u)ψ

α
ω,u(x)dωdu, (11)

for all x ∈ R. Moreover, if ϕ = ψ, we obtain

f(x) =
1

2π ∥ϕ∥2L2(R)

∫
R

∫
R
Gα
ϕf(ω, u)ϕ

α
ω,u(x)dωdu

for all x ∈ R.
In the following we present a result on the range characterization of the α-windowed

Fourier transform.

Theorem 2.7 (Characterization of range of Gα
ϕ) Let ϕ ∈ L2(R) \ {0} be a

window function such that ∥ϕ∥L2(R) = 1 and let α be a fractional parameter. Suppose

that h ∈ L2(R). Then h ∈ Gα
ϕ (L

2(R)) if and only if it satisfies

h(ω′, u′) =

∫
R

∫
R
h(ω, u)

(
ϕαω,u, ϕ

α
ω′,u′

)
L2(R) dωdu,

for all (ω′, u′) ∈ R2.

The admissibility condition associated with the α-windowed Fourier transform (α-
WFT) is stated in the following result.

Proposition 2.3 Let ϕ ∈ L2(R) \ {0} be a window function. Then ϕ is admissible
if

0 < Cϕ =

∫
R
|F [exp{iω·}ϕ(·)] (ξ cscα)|2 dω <∞, a.e. ξ ∈ R.
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In the next proposition we present a convergence result regarding the reconstruction
formula (11).

Proposition 2.4 Let ϕ ∈ L2(R) \ {0} be a window function, let α be a fractional
parameter and let f ∈ L2(R) such that

fM,N(x) =
1

2π ∥ϕ∥2L2(R)

∫
R

∫
M<ω<N

Gα
ϕf(ω, u)ϕ

α
ω,u(x)dωdu.

Then, fM,N is uniformly continuous and

Fα[fM,N ](ξ) =
1

2π ∥ϕ∥2L2(R)
Fα[f ](ξ)

{∫
M<ω<N

|F [exp{iωz}ϕ(z)] (ξ cscα)|2 dω
}
.

Proposition 2.5 Let ϕ ∈ L2(R) be a window function. Then, for any f ∈ L2(R),
we have

lim
M→−∞,N→∞

∥∥∥∥∥f −
2π ∥ϕ∥2L2(R)

Cϕ
fM,N

∥∥∥∥∥
L2(R)

= 0.

Moreover, in case Fα[f ] ∈ L1(R), then

lim
M→−∞,N→∞

∥∥∥∥∥f −
2π ∥ϕ∥2L2(R)

Cϕ
fM,N

∥∥∥∥∥
L∞(R)

= 0.

In signal processing, an uncertainty principle states that the product of signal va-
riances in the time and frequency domains has a lower bound. In recent years, several
authors have proposed generalizations of the uncertainty principles for different types
of functions and time-frequency transforms (see [18], [19], [34] and [39] for uncertainty
principles associated to the canonical linear transform (LCT)).

In the first theorem of subchapter 2.4 we formulate an uncertainty principle as-
sociated to the α-windowed Fourier transform (α-WFT defined in the relation (10)).
Then, in Theorem 2.9, we briefly present a form of the Lieb uncertainty principle for
the α-windowed Fourier transform. For more details regarding the Lieb uncertainty
principle, see for example papers [2], [17] and [21].

Theorem 2.8 Let Gα
ϕf(ω, u) be the α-windowed Fourier transform of a non trivial

function f ∈ L2(R). Then the following uncertainty inequality holds{∫
R
|ξ|2 |Fα[f ](ξ)|2 dξ

} 1
2
{∫

R

∫
R
|ρ|2

∣∣Fβ[Gα
ϕf(ω, u)](ρ)

∣∣2 dωdρ} 1
2

≥
π ∥ϕ∥2L2(R) |sin(α− β)|√

Cϕ
∥f∥2L2(R) ,

where α and β are chosen such that β = α − γ, sinα, sin β, sin γ ̸= 0 and ϕ is an
admissible wavelet.
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Theorem 2.9 (Lieb’s inequality for α-WFT) Let f ∈ L2(R) be a function and
ϕ ∈ L2(R) \ {0} be a window function. Then,

∥∥Gα
ϕf
∥∥
Lp(R2)

≤
(
2

p

) 1
p

∥f∥L2(R) ∥ϕ∥L2(R)

where 2 ≤ p <∞.

In subchapter 2.5 we establish a connection between the α-windowed Fourier trans-
form (α-WFT) and a version of the fractional Wigner distribution defined by analogy
with the α-WFT.

Definition 2.6 (β-WD) Let β ∈ R be a fractional parameter such that β ̸= nπ, n ∈
Z. Then, the fractional β-Wigner distribution (β-WD) of f ∈ L2(R) is defined as

W βf(t, ξ) =

∫
R
f
(
t+

x

2

)
f
(
t− x

2

)
exp

{
i

(
ξx− (x2 − ξ2) cot β

2

)}
dx, (12)

where (t, ξ) ∈ R2.

In the following theorem we establish a connection between the β-Wigner fractional
distribution (β-WD) and the α-windowed Fourier transform (α-WFT).

Theorem 2.10 If Gαf and W βf are the α-WFT and β-WD of f ∈ L2(R) defined
by (10) and (12), respectively, then the following equality holds

W βf(t, ξ) =
1

π ∥ϕ∥2L2(R)
exp

{
i

(
−4t2 cotα− 2ξt+

ξ2

2
cot β

)}
×
∫
R

∫
R
exp {2it(u cotα + ω)}Gα

˜̃
ϕ
(M−2t cotαf)(−ω,−(u− 2t))

×Gα
ϕ

(
M−2ξ·+2(·−t)2 cotβf

)
(ω, u)dωdu.

In the last subchapter of Chapter 2 we introduce the semi-discrete and discrete ver-
sions of the α-windowed Fourier transform (α-WFT). For the semi-discrete version we
fix the translation parameter u and let the frequency parameter ω vary on the discrete
scales. We then consider both parameters varying on a discrete grid in the fractional
time-frequency plane. Finally, we present the reconstruction formula associated to the
discret α-windowed Fourier transform.

(i) The semi-discrete version of the α-WFT
For this case, we consider ω = mω0 where ω0 is a fixed positive constant (named a
lattice parameter) and m ∈ Z. Then, the continuous family Fα

ϕ (ω, u) from Definition
2.4 becomes

Fα
ϕ (m,u) =

{
ϕαm,u(x) := ϕ(x− u) exp

{
imω0x−

i (x2 − u2) cotα

2

}
, x ∈ R

}
, (13)

where α ̸= nπ, n ∈ Z s, i (m,u) ∈ Z× R.

18



Now we can give a definition of the semi-discrete α-WFT.

Definition 2.7 Let ϕ ∈ L2(R) \ {0} be a window function and let α be a fractional
parameter. Then, for any f ∈ L2(R), we have

Gα
ϕf(m,u) =

∫
R
f(x)ϕαm,u(x)dx,

where ϕαm,u is given by (13) and the integer m controls the frequency ω.
(ii) The discrete version of the α-WFT

For this version, we consider ω = mω0 and u = nu0 where ω0 and u0 are fixed positive
constants (called lattice parameters) and m,n ∈ Z. In this context, we obtain the
following discrete family of functions

ϕαm,n(x) = ϕ(x− nu0) exp

{
imω0x−

i
(
x2 − (nu0)

2) cotα
2

}
, (14)

where α ̸= kπ, k ∈ Z s, i x ∈ R.
Now we can give a definition of the discrete α-WFT.

Definition 2.8 Let ϕ ∈ L2(R) \ {0} be a window function and let α be a fractional
parameter. Then, for any f ∈ L2(R), we have

Gα
ϕf(m,n) =

∫
R
f(x)ϕαm,n(x)dx,

where ϕαm,n is given by (14) and the integers m and n control the frequency and the
translation, respectively.

Chapter 3 is entitled ”Localization operators associated to the α-windowed Fourier
transform”. The first section of this chapter is dedicated to the localization operators
related to the α-windowed Fourier transform, the results related to this topic being
included in the original paper [11], entitled “Localization operators related to
α-windowed Fourier transform”, which was published in UPB Scientific Bulletin,
Series A, Applied Mathematics and Physics, vol. 86, iss. 4, 2024, to which the author
of the thesis was coauthor with Viorel Catană and Mihaela Grat, iela Scumpu.

In the second section of Chapter 3, considering β a fast decreasing function in
the Schwartz space S(R), we introduce in Definition 3. 4 a new class of localization
operators βLασ,ϕ,ψβ : L2(R) → L2(R) associated to the α-ferractal Fourier transform.
We also study the properties of boundedness, compactness and belonging to Schatten-
von Neumann classes for this class of localization operators.

Definition 3.1 Let ϕ, ψ ∈ L2(R) \ {0} be two window functions and let α be a
fractional parameter such that α ̸= nπ, n ∈ Z. Then, the operator Lασ,ϕ,ψ : L2(R) →
L2(R) defined in weak sense by(

Lασ,ϕ,ψf, g
)
L2(R) =

∫
R

∫
R
σ(ω, u)Gα

ϕf(ω, u)G
α
ψg(ω, u)dωdu

=

∫
R

∫
R
σ(ω, u)

(
f, ϕαω,u

)
L2(R)

(
ψαω,u, g

)
L2(R) dωdu,
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for any f, g ∈ L2(R) or hard defined by

Lασ,ϕ,ψf =

∫
R

∫
R
σ(ω, u)

(
f, ϕαω,u

)
L2(R) ψ

α
ω,udωdu,

for any f ∈ L2(R), is called the localization operator associated to the α-windowed
Fourier transform with respect to the symbol σ ∈ L1(R2) ∪ L∞(R2).

Remark 3.1 Using the inversion formula from Theorem 2.6, the localization ope-
rator Lασ,ϕ,ψ : L2(R) → L2(R) can be defined as(

Lασ,ϕ,ψf, g
)
L2(R) =

1

2π (ψ, ϕ)L2(R)

∫
R

∫
R
σ(ω, u)Gα

ϕf(ω, u)G
α
ψg(ω, u)dωdu,

for any f, g ∈ L2(R) and ϕ, ψ ∈ L2(R)\{0} two window functions such that (ψ, ϕ)L2(R) ̸=
0.

We observe that if σ(ω, u) = 1 for any (ω, u) ∈ R2, then the orthogonality relation in
Theorem 2.5 implies that the corresponding linear operator coincides with the identity
operator on L2(R). So the function σ : R2 → C which is called the symbol of the
localization operator Lασ,ϕ,ψ : L2(R) → L2(R) is introduced to localize on R2, so that

we obtain a non trivial bounded linear operator on L2(R). Hence the terminology
frequently used by location operator.

It follows that the operators considered in Definition 3.1 and those in Remark
3.1 differs by a multiplicative constant that depends on the two admissible windows
ϕ, ψ ∈ L2(R) \ {0}.

In the following, we recall some results concerning the boundedness in L2(R) of the
localization operator Lασ,ϕ,ψ : L2(R) → L2(R). Propositions 3.1 and 3.2 include the
study of the boundedness property of the localization operator Lασ,ϕ,ψ when the symbol

σ belongs to the spaces L1(R2), respectively L∞(R2).

Proposition 3.1 Let σ ∈ L1(R2) be a symbol, let ϕ, ψ ∈ L2(R)\{0} be two window
functions and let α be a fractional parameter such that α ̸= nπ, n ∈ Z. Then, the
localization operator Lασ,ϕ,ψ : L2(R) → L2(R) is a well-defined bounded linear operator∥∥Lασ,ϕ,ψ∥∥B(L2(R)) ≤ ∥ϕ∥L2(R) ∥ψ∥L2(R) ∥σ∥L1(R2) .

Proposition 3.2 Let σ ∈ L∞(R2) be a symbol, let ϕ, ψ ∈ L2(R)\{0} be two window
functions and let α be a fractional parameter such that α ̸= nπ, n ∈ Z. Then, the
localization operator Lασ,ϕ,ψ : L2(R) → L2(R) is a well-defined bounded linear operator∥∥Lασ,ϕ,ψ∥∥B(L2(R)) ≤ 2π ∥ϕ∥L2(R) ∥ψ∥L2(R) ∥σ∥L∞(R2) .

In the next theorem we study the boundedness in L2(R) of the localization operator
Lασ,ϕ,ψ : L2(R) → L2(R) when σ ∈ Lp(R2), 1 ≤ p ≤ ∞.

Theorem 3.1 Let σ ∈ Lp(R2), 1 ≤ p ≤ ∞ be a symbol, let ϕ, ψ ∈ L2(R) \ {0} be
two window functions and let α be a fractional parameter such that α ̸= nπ, n ∈ Z.
Then, there exists a unique bounded linear operator Lασ,σ,ϕ,ψ : L2(R) → L2(R) such that
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∥∥Lασ,ϕ,ψ∥∥B(L2(R)) ≤ (2π)
1
p′ ∥ϕ∥L2(R) ∥ψ∥L2(R) ∥σ∥Lp(R2) ,

where p′ is the conjugate index of p
(
i.e. 1

p
+ 1

p′
= 1
)

and Lασ,ϕ,ψ is defined for any

f, g ∈ L2(R) and all simple functions σ ∈ R2 for which µ{(ω, u) ∈ R2 : σ(σ(ω, u) ̸=
0} <∞.

In the following statements we present some results concerning the Schatten-von
Neumann properties of the localization operator Lασ,ϕ,ψ : L2(R) → L2(R), when its

symbol σ is in Lp(R2), 1 ≤ p ≤ ∞.

Proposition 3.3 Let σ ∈ L1(R2) be a symbol, let ϕ, ψ ∈ L2(R)\{0} be two window
functions and let α be a fractional parameter such that α ̸= nπ, n ∈ Z. Then, the
localization operator Lασ,ϕ,ψ : L2(R) → L2(R) is in the Hilbert-Schmidt class S2 and

∥∥Lασ,ϕ,ψ∥∥2S2
=

∞∑
n=1

∥∥Lασ,ϕ,ψξn∥∥2L2(R),

where {ξn}n≥1 is an orthonormal basis of L2(R).
Proposition 3.4 Let σ ∈ L1(R2) be a symbol, let ϕ, ψ ∈ L2(R)\{0} be two window

functions and let α be a fractional parameter such that α ̸= nπ, n ∈ Z. Then, the
localization operator Lασ,ϕ,ψ : L2(R) → L2(R) is in the trace class S1 and∥∥Lασ,ϕ,ψ∥∥S1

≤ ∥ϕ∥L2(R) ∥ψ∥L2(R) ∥σ∥L1(R2).

In the next proposition we state and prove a compactness result about the lo-
calization operator Lασ,ϕ,ψ : L2(R) → L2(R), under the hypothesis that its symbol

σ ∈ Lp(R2), 1 ≤ p <∞.

Proposition 3.5 Let σ ∈ Lp(R2), 1 ≤ p < ∞ be a symbol, let ϕ, ψ ∈ L2(R) \ {0}
be two window functions and let α be a fractional parameter such that α ̸= nπ, n ∈ Z.
Then, the localization operator Lασ,ϕ,ψ : L2(R) → L2(R) is compact.

Theorem 3.4 Let σ ∈ Lp(R2), 1 ≤ p ≤ ∞ be a symbol, let ϕ, ψ ∈ L2(R)\{0} be two
window functions and let α be a fractional parameter such that α ̸= nπ, n ∈ Z. Then,
the localization operator Lασ,ϕ,ψ : L2(R) → L2(R) is in the Schatten-von Neumann class
Sp and ∥∥Lασ,ϕ,ψ∥∥Sp

≤ (2π)
1
p′ ∥ϕ∥L2(R) ∥ψ∥L2(R) ∥σ∥Lp(R2),

where p′ is the conjugate index of p.

In the next result we present a bilateral estimate of the norm in the trace class of
the localization operator Lασ,ϕ,ψ : L2(R) → L2(R), considering the symbol σ ∈ L1(R2).

Theorem 3.5 Let σ ∈ L1(R2) be a symbol, let ϕ, ψ ∈ L2(R) \ {0} be two window
functions and let α be a fractional parameter such that α ̸= nπ, n ∈ Z. Then, the
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following estimation holds

1

π
(
∥ϕ∥2L2(R) + ∥ψ∥2L2(R)

) ∥σϕ,ψ∥L1(R2) ≤
∥∥Lασ,ϕ,ψ∥∥S1

≤ ∥ϕ∥L2(R) ∥ψ∥L2(R) ∥σ∥L1(R2),

(15)
where σϕ,ψ : R2 → C is defined by

σϕ,ψ(ω, u) =
(
Lασ,ϕ,ψϕ

α
ω,u, ψ

α
ω,u

)
L2(R).

In the next proposition we establish a formula for the trace tr
(
Lασ,ϕ,ψ

)
of the loca-

lization operator Lασ,ϕ,ψ : L2(R) → L2(R) under the assumption that σ ∈ L1(R2).

Proposition 3.6 Under the hypotheses of Theorem 3.4 it follows that the trace
tr
(
Lασ,ϕ,ψ

)
of the localization operator Lασ,ϕ,ψ is given by the formula

tr
(
Lασ,ϕ,ψ

)
=

∫
R

∫
R
σ(ω, u)

(
ψαω,u, ϕ

α
ω,u

)
L2(R) dωdu.

Remark 3.2 If σ is a positive real function in L1(R2) and ϕ = ψ, then the estimates
in relation (15) are sharp.

In the following we state and prove a result regarding the norm in the trace class
S1 of the power n for the product of two localization operators.

Proposition 3.7 Let σ1, σ2 be two positive real functions in L1(R2) and let ϕ be a
window function in L2(R) \ {0}. Suppose that the operators Lασ1,ϕ,ϕ : L2(R) → L2(R)
and Lασ2,ϕ,ϕ : L

2(R) → L2(R) commute with each other, and the operator Lασ1,ϕ,ϕL
α
σ2,ϕ,ϕ

:

L2(R) → L2(R) is positive. Then, the linear operators Lασ1,ϕ,ϕ, L
α
σ2,ϕ,ϕ

and Lασ1,ϕ,ϕL
α
σ2,ϕ,ϕ

are positive and belong to the trace class S1. Moreover,∥∥(Lασ1,ϕ,ϕLασ2,ϕ,ϕ)n∥∥S1
≤
∥∥Lασ1,ϕ,ϕ∥∥nS1

∥∥Lασ2,ϕ,ϕ∥∥nS1
,

for all n ∈ N.
In subchapter 3.2 we focus our attention on a new class of localization operators of

the form βLασ,ϕ,ψβ : L2(R) → L2(R) associated to the α-windowed Fourier transform,
considering β a fast decreasing function in the Schwartz space S(R).

In the next result we define a new class of localization operators of the form
βLασ,ϕ,ψβ : L2(R) → L2(R) associated to the α-windowed Fourier transform.

Definition 3.9 Let σ ∈ L1(R2) + L∞(R2) be a symbol, let ϕ, ψ ∈ L2(R) \ {0}
be two admissible window functions (wavelets), let α be a fractional parameter such
that α ̸= nπ, n ∈ Z and let β ∈ S(R), where S(R) is the Schwartz space of rapidly
decreasing functions on R. Then, the localization operator associated to α-windowed
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Fourier transform βLασ,ϕ,ψβ : L2(R) → L2(R) is defined by(
βLασ,ϕ,ψβf, g

)
L2(R) =

(
Lασ,ϕ,ψβf, βg

)
L2(R)

=

∫
R

∫
R
σ(ω, u)

(
βf, ϕαω,u

)
L2(R)

(
ψαω,u, βg

)
L2(R) dωdu

=

∫
R

∫
R
σ(ω, u)

(
f, βϕαω,u

)
L2(R)

(
βψαω,u, g

)
L2(R) dωdu,

(16)

for any f, g ∈ L2(R2).
These non-adjoint operators are reminiscent of the Landau-Pollak-Slepian operators

encountered in papers [22], [27], [30], [31] and [32].

For the operators introduced in the relation (16) we are interested to study the
Schatten-von Neumann boundary and properties. A first result in this sense is related
to the L2-boundedness of the localization operator βLασ,ϕ,ψβ : L2(R) → L2(R) when

the symbol σ ∈ L1(R2).

Proposition 3.8 Let σ ∈ L1(R2) be a symbol, let ϕ, ψ ∈ L2(R) \ {0} be two
admissible window functions and let α be a fractional parameter such that α ̸= nπ, n ∈
Z. Then, for any function β in the Schwartz space S(R), the localization operator
βLασ,ϕ,ψβ : L2(R) → L2(R) is bounded and∥∥βLασ,ϕ,ψβ∥∥B(L2(R)) ≤ ∥β∥2L∞(R) ∥ϕ∥L2(R) ∥ψ∥L2(R) ∥σ∥L1(R2) .

A result concerning the L2-boundedness of the localization operator βLασ,ϕ,ψβ :

L2(R) → L2(R), when the symbol σ ∈ L∞(R2), is presented in the following proposi-
tion.

Proposition 3.9 Let σ ∈ L∞(R2) be a symbol, let ϕ, ψ ∈ L2(R) \ {0} be two
admissible window functions and let α be a fractional parameter such that α ̸= nπ, n ∈
Z. Then, for any function β in the Schwartz space S(R), the localization operator
βLασ,ϕ,ψβ : L2(R) → L2(R) is bounded and∥∥βLασ,ϕ,ψβ∥∥B(L2(R)) ≤ 2π ∥β∥2L∞(R) ∥ϕ∥L2(R) ∥ψ∥L2(R) ∥σ∥L∞(R2) .

In the next theorem we present a boundedness result in L2(R) for the localization
operator βLασ,ϕ,ψβ : L2(R) → L2(R) when the symbol σ ∈ Lp(R2), 1 ≤ p ≤ ∞.

Theorem 3.6 Let σ ∈ Lp(R2), 1 ≤ p ≤ ∞ be a symbol, let ϕ, ψ ∈ L2(R) \ {0}
be two admissible window functions and let α be a fractional parameter such that α ̸=
nπ, n ∈ Z. Then, for any fixed function β in the Schwartz space S(R), there exists a
unique bounded linear localization operator βLασ,ϕ,ψβ : L2(R) → L2(R) such that∥∥βLασ,ϕ,ψβ∥∥B(L2(R)) ≤ (2π)

1
p′ ∥β∥2L∞(R) ∥ϕ∥L2(R) ∥ψ∥L2(R) ∥σ∥Lp(R2) ,

where p′ is the conjugate index of p
(
i.e. 1

p
+ 1

p′
= 1
)
.
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We can also state and prove a result regarding the belonging of the localization
operator βLασ,ϕ,ψβ : L2(R) → L2(R) to the trace class S1.

Theorem 3.7 Let σ ∈ L1(R2) be a symbol, let ϕ, ψ ∈ L2(R)\{0} be two admissible
window functions and let α be a fractional parameter such that α ̸= nπ, n ∈ Z. Then,
for any function β in the Schwartz space S(R), the localization operator βLασ,ϕ,ψβ :

L2(R) → L2(R) is in the trace class S1 and∥∥βLασ,ϕ,ψβ∥∥S1
≤ ∥β∥4L∞(R) ∥ϕ∥L2(R) ∥ψ∥L2(R) ∥σ∥L1(R2).

In the following result we present the formula for the trace tr
(
βLασ,ϕ,ψβ

)
of the

localization operator βLασ,ϕ,ψβ : L2(R) → L2(R).

Proposition 3.10 The trace tr
(
βLασ,ϕ,ψβ

)
of the localization operator βLασ,ϕ,ψβ :

L2(R) → L2(R) is given by

tr
(
βLασ,ϕ,ψβ

)
=

∫
R

∫
R
σ(ω, u)

(
βψαω,u, βϕ

α
ω,u

)
L2(R) dωdu.

A result concerning the compactness of the localization operator βLασ,ϕ,ψβ : L2(R) →
L2(R) is presented in the following.

Proposition 3.11 Let σ ∈ Lp(R2), 1 ≤ p ≤ ∞ be a symbol, let ϕ, ψ ∈ L2(R) \ {0}
be two admissible window functions and let α be a fractional parameter such that α ̸=
nπ, n ∈ Z. Then, for any function β in the Schwartz space S(R), the localization
operator βLασ,ϕ,ψβ : L2(R) → L2(R) is compact.

Considering the symbol σ ∈ Lp(R2), 1 ≤ p ≤ ∞ and using the Riez-Thorin in-
terpolation theorem for Lebesgue spaces and Schatten-von Neumann classes it can be
proven that the localization operator βLασ,ϕ,ψβ : L2(R) → L2(R) is in the Schatten-von
Neumann class Sp.

Proposition 3.12 Let σ ∈ Lp(R2), 1 ≤ p ≤ ∞ be a symbol, let ϕ, ψ ∈ L2(R) \ {0}
be two admissible window functions and let α be a fractional parameter such that α ̸=
nπ, n ∈ Z. Then, for any function β in the Schwartz space S(R), the localization
operator βLασ,ϕ,ψβ : L2(R) → L2(R) is in the Schatten-von Neumann class Sp and∥∥βLασ,ϕ,ψβ∥∥Sp

≤ (2π)
1
p′ ∥β∥2L∞(R) ∥ϕ∥L2(R) ∥ψ∥L2(R) ∥σ∥Lp(R2) ,

where p′ is the conjugate index of p.

In the next result we present a bilateral estimate of the norm in the trace class of the
localization operator βLασ,ϕ,ψβ : L2(R) → L2(R), considering the symbol σ ∈ L1(R2).

Theorem 3.8 Let σ ∈ L1(R2) be a symbol, let ϕ, ψ ∈ L2(R)\{0} be two admissible
window functions and let α be a fractional parameter such that α ̸= nπ, n ∈ Z. Then,
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the following estimate holds

1

π
(
∥ϕ∥2L2(R) + ∥ψ∥2L2(R)

) ∥σϕ,ψ∥L1(R2) ≤
∥∥βLασ,ϕ,ψβ∥∥S1

≤ ∥β∥2L∞(R) ∥ϕ∥L2(R) ∥ψ∥L2(R) ∥σ∥L1(R2) ,

unde σϕ,ψ : R2 → C is given by

σϕ,ψ(ω, u) =
(
βLασ,ϕ,ψβϕ

α
ω,u, ψ

α
ω,u

)
L2(R).
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ton, 2002, (Operator theory; Advances and Applications; vol. 136).
[37] M.W. Wong, Weyl Transforms, Springer-Verlag, New-York, Berlin-Heidelberg,

1998.
[38] M.W. Wong, Z. Zhang, Trace class norm inequalities for wavelet multipliers,

Bulletin of the London Mathematical Society, vol. 34(6), 739-744, 2002.

27



[39] Y. Yang, K.I. Kou, On uncertainty principles for hypercomplex signals in the
linear canonical transform domains, Signal Process., vol. 95, 67–75, 2014.

[40] K. Zhu, Operator Theory in Function Spaces, Marcel Dekker Inc., Pure and
Applied Mathematics a Series of Monographs and Textbooks, vol. 139, New York,
USA, 1990.

28


