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Thesis summary
Please note that the numbering of all the statements in this abstract
coincides with the numbering of the PhD thesis.

The dissertation is organized as follows.

In the first chapter of this thesis, entitled “Functions of generalized Fourier mul-
tipliers”, we introduce and study a class of linear operators defined on a separable
Hilbert space H. All these results have been published in the original paper [9], enti-
tled “Generalized Fourier multipliers”, a paper that was published in Annals of
Functional Analysis, vol. 14, article number 34, 2023, to which the author of the thesis
was coauthor with Viorel Catana and Horia-George Georgescu.

Let H be a separable complex Hilbert space endowed with the inner product (-, -),,,
{€n}nez be an orthonormal basis of H and A : H — H be a bounded linear operator.
Then we introduce the linear operator

Fu "= LA(Z), Fif ={(Af.en)nbie (1)

for all f € H. This operator can be called ,,coordinatization map”.

Theorem 1.1 (Plancherel’s Theorem) Let A € B(H) such that A*> = I, where
I : H — H is the identity operator. Then, the linear operator .7-'{} :H — LA(Z)
satisfies the following relation

(”Fﬁ-ﬂ ]:7139)[12(2) = (Af’ Ag)’H

for all f,g € H. Moreover, the linear operator Ffz : H — L*(Z) is a bijection.

Remark 1.1 If we suppose in addition that A is a self-adjoint operator, then it
follows that Fz : H — L*(Z) is an isometric isomorphism.

Corollary 1.1 The linear operator (]—"ﬁ)fl = F4 : L*(Z) — H defined by

(F) " a=Fla= a,Ae, 2)
nez
for all @ = {a,}nez in L*(Z), is the inverse of the operator Fj : H — L*(Z).
Remark 1.2 (i) Let a € L*(Z) and let A? = I, where [ : H — H is the identity
operator. Then by the preceding definition F7' = (}"{{‘)_1 . LA2(Z) — H we get
.7-“2‘(1 = Z a,Ae,. So,

ne”Z
A]-"Z‘a: E a, A%, = E Qn€n
nez nez

and

(A]-"fa, em)

H:ama

for all m € Z. In addition, let us observe that
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D aneal =D laul

neEL H neL

(ii) Let A € B(H) be a bounded linear operator such that A*> = I. Then the
following statements are equivalent:
(j) A is a self-adjoint operator;
(jj) A is a unitary operator;
(jij) A is an isometry.
Remark 1.3 If we consider A = I : H — H and H = L*(S'), where S* is the

1 ,
unitary circle with center at the origin, e,(s) = —e™’, for s € S',n € Z and

V271

o € L>=(Z), then we recover the Fourier multipliers on S, which have been studied in
papers [23], [24], [25], [26] and [35].

In the following we present the definition of generalized Fourier multipliers.

Definition 1.1 Let 0 : Z — C be a measurable function on Z and let A € B(H)
be a bounded linear operator on H. Then, we can define formally the linear operator
TA : H — H by the following formula

TAf Z Af en HAen (3>

neL

|AFZall;, =

for all f € H.
If we suppose A? = I where I : H — H is the identity operator, using Theorem 1.1
and the relations (1), (2), we can rewrite the above operator in the following way

T =Fio - Fif) = (F)~ (0 Fif), (4)

for all f € H.

Let us observe that the first equality in the relation (4) occurs for any bounded
linear operator and the second one is valid only if A2 = I.

Let us remark that if A2 = I and A is a self-adjoint operator, then the generalized
Fourier multiplier T4 coincides with a standard Fourier multiplier on H, which has the
form

1, = ZO’(TL)(f, Qpn)’f-l(pna vf € 7_[7

nel

where {¢,, }nez is an orthonormal basis on H.

In particular, if A = I then the generalized Fourier multiplier 72 defined in (3) also
coincides with a standard Fourier multiplier. Therefore, we shall call T4 the generalized
Fourier multiplier on #H corresponding to the symbol o, whenever the series in (3) is
convergent in H.

We may also remark that, in the particular case A = I, where I : H — H is
the identity operator and the Hilbert space H is equal to L?(S') or L?*(S), we obtain
two significant examples of standard Fourier multipliers introduced and studied in the
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papers [7] and [8]. We note that here S! represents the unitary circle with center at
the origin and (S, B, m) is a finite measure space so that L?(S) is a separable Hilbert
space.

In the following we are interested in studying the boundedness, compactness and
Schatenn von-Neuman properties for this class of generalized Fourier multipliers.

Proposition 1.2 Let 0 : Z — C be a measurable function such that o € L*(Z) and

let A € B(H) be a bounded linear operator. Then the generalized Fourier multiplier
TA : H — H is bounded. In addition

||Tf;4HB(H) < ”AHlZ?(H)HO'HLl(Z)-

Proposition 1.3 Let o0 € L>®(7Z) and let A : H — H be a bounded linear operator.
Then T2 : H — H is a bounded linear operator and

1T 50 < 1B o] 2 2)-

Proposition 1.4 Let 0 : Z — C be a measurable function and let A : H — H be
a bounded linear operator such that A2 = I. Then T? : H — H is a bounded linear
operator if and only if o € L>(Z). Moreover, if o € L>(Z), then
1T 500 < I AllEaglolli=c-

In addition, if we suppose that A : H — H is also a self-adjoint operator, then

1T ) = 1Al B0l @) = ol ).
The last equality is a consequence of Remark 1.2 (iii).

Theorem 1.3 Let 0 € LP(Z),1 < p < oo and let A:H — H be a bounded linear
operator. Then, there exists a unique bounded linear operator T : H — H such that
172 sy < N llrca 1A
where T2 is given by (4) for f € H and all simple function o on Z for which u{n €

Z:o(n)#0} < oo.
Remark 1.4 In addition, if we suppose A% = I it follows that

1T s < llollze@z)
by using Remark 1.2 (iii).

In the next theorem we present a result on the spectral theory of generalized Fourier
multipliers on H.

Theorem 1.4 Let o : Z — C be a measurable function such that o € L>*(Z) and
let A:H — H be a bounded linear operator such that A* = I, where I : H — H is
the identity operator. Then, o(n) is an eigenvalue of T? : H — H and Ae, is the
corresponding eigenfunction for all n € Z. Moreover, the spectrum S(TA) of T2 is
given by



S(T)) ={o(n) :n ez},
where {...}¢ denotes the closure in C of the set {...}.

Theorem 1.5 Let o : Z — C be a measurable function such that o € LY(Z) and
let A:H — H be a bounded and self-adjoint operator. Then the generalized Fourier
multiplier T2 : H — H is in Schatten-von Neumann class Sy (trace class) and

HTstl < 4”AH?’>’(H)“JHL1(Z)-

Theorem 1.6 Let 0 € LP(Z),1 < p < oo and let A : H — H be a bounded
and self-adjoint operator. Then the generalized Fourier multiplier T2 : H — H is in
Schatten-von Neumann class S, and

1T, < 47 Al go 1o oo

The following proposition gives a characterization of compact generalized Fourier
multipliers T4 : H — H.

Proposition 1.5 Let 0 € LP(Z),1 < p < oo be a measurable function and let
A H — H be a bounded and self-adjoint operator. Then the generalized Fourier
multiplier T2 : H — H is compact.

The following result gives the formula for the trace tr(T4) of the generalized Fourier
multiplier 72 : H — H when o € L'(Z).

Theorem 1.7 Let 0 € LY(Z) and let A : H — H be a bounded and self-adjoint
operator. Then the generalized Fourier multiplier T# : H — H is in Schatten-von
Neumann class S1 and its trace is given by

tr(T) = a(n)| e,
ne”L

where {e, }nez is an orthonormal basis.

We further define the function of generalized Fourier multipliers F(T2) : H — H,
where F': C — C is a continuous function.

Definition 1.2 Let F' : C — C be a continuous function, let o : Z — C be a
measurable function and let A : H — H be a bounded linear operator. Then we define
formally the linear operator F(TZ) : H — H by the following formula

F(THf =) Flon)(Af en)uden, [eH,

ne”l

where T : H — H is a generalized Fourier multiplier on H.

The following theorem gives necessary and sufficient conditions in order that the
function of generalized Fourier multiplier F(T2) : H — H on a Hilbert space H to be
a compact operator.



Theorem 1.8 Let 0 : Z — C be a measurable function, let F : C — C be a
continuous function such that F oo € L*(Z) and let A : H — H be a bounded and
self-adjoint operator such that A> = I. Then F(T2): H — H is a compact operator if
and only if

lim F(o(n)) =0.

[n]—o0

The following result refers to the absolute value of the function of generalized Fourier
multipliers F(T4) : H — H.

Theorem 1.9 Let o : Z — C be a measurable function, let A : H — H be a bounded
and self-adjoint operator such that A2 = I and let F : C — C be a continuous function
with the following properties:

(i) Foo € L¥(Z),

(ii)) Foo=Fog;

(i1i) F(o(n)) — 0 as |n| — oo;

(iv) F (z2129) = F (21) F (22), for all z1, 29 € C.

Then

|F(T;)] = F(Tiy).
where |F(T2)| = (F(T;‘)*F(T;‘))% denotes the absolute value of the operator F(T4) :
H—H.

In the following result we study the Schatten-von Neumann property of the function
of generalized Fourier multipliers F’ (T;‘) H —H.

Theorem 1.10 Let 0 : Z — C be a measurable function, let A : H — H be a
bounded and self-adjoint operator such that A> =1 and let F : C — C be a continuous
function with the following properties:

(i) Folo| € LP(Z),1 <p < oo;

(ii)) Foo=Fog;

(iii) |F o o| = |F o |oll;

(iv) F (z2129) = F (21) F (22), for all z1, 29 € C.

Then F (TUA) : H — H is in the Schatten-von Neumann class S, if and only if
Folol € LP(Z),1 < p < oo. Moreover, if F o |o| € LP(Z), then

17 (7;})

Is, = I1F" o |l oz,

where || - ||s, denotes the norm in the Schatten-von Neumann class Sp.

Let A : H — H be a bounded linear operator such that A> =T and let F: R — R,
be a continuous function. In the following we give some results regarding the solvability
of the equation

F(THf+A =g f.geH, (5)



associated to the linear operator F' (T (;4) : H — H where X is a positive real number.
We can rewrite the equation (5) as follows:

F(THf+ M =ge ) Flon)(Af en)ude, + XY (Af.en)nde, =g
&) (Fo(n) +A) (Af, en)uAe, = g (6)
&Y (F(o(n) + X Fif(n)Ae, = g.

Now, let us suppose that ¢ : Z — R is a real-valued non-negative measurable
function and that )\ is a positive real number. Using the fact that the linear operator
F3 + H — L*(Z) is a bijection (by Theorem 1.1), it follows that for any g € H there

A
exists f € H such that fﬁf(n) = %
Fig(n) } 2
=~ ¢ € L7(Z).
\rry s ) €
Let g € H be an arbitrary element and let us remark that g = Z( Ag, en)nAen.

for all n € 7Z, because the sequece

nez
Then, it follows that f € H defined by
(Ag,en)n
—A
=2 Flotm) + 3
is the unique solution of the equation (5).
Indeed, by relation (6), we have
Fig(n)
F(T}) + ) A A Ae,,
(PO A= 2 o) 0 oy e
nez
= Z(Aga 671)7{14671
nez
=A (Z(Ag, en)H6n>
nez
= A(Ag) =g.

In order to study the regularity of the solutions of equation (5) we need to introduce
some convenient Hilbert spaces (for more details on the genesis of these Hilbert spaces,
see for example the papers [3], [4] and [16]).

Regarding the regularity of the solution of equation (5), we introduce the space
ﬁf’k as follows: first, consider the Hilbert space

L*k(7) = {{an}nez,an €C:> o (1+ (o(n))?)" < oo} . ke (0,00)

nez



in which the inner product is given by
L2k jg:(lnﬁn 1'+ )) ) ’

for all v = (an),,c7, B = (Bn)nez » Ons B € C. Then we set

HA = {fe% SIS enul (14 (o >>2)’“<oo}

nel

—{ren: {Fifm)},, € L25@)}, ke (0,0).
The space ﬁf’“ is endowed with the inner product

<f1,f2)7-7g"’“ = <{‘F’ﬁf1(n)}n62 ) {fﬁfQ(n)}neZ>Lg,k(Z)
=Y F A F L) (1+ (o))",
nez
if
=Y Fihi(n)Aen, fo=) Fiifas(n)Ae,.

nez ne”L

Let us remark that HA* is a Hilbert space isometrically isomorphic to L2*(Z) by
the isometric isomorphism G2 : HAk — [2#(Z) given by

Gt f ={Fuf ()} er
Indeed,
2 2 k
|G F|2as iy = STIFAS ] (14 (0 (0))2)" = (£ 0
nez
Let F': R — R, be a non-negative real continuous function. Suppose that there
exists a positive constant C' such that

C’(l—i—7’2)g < F(1), (7)

for all 7 € ¥ (T') = {o(n) : n € Z}°. This is an ellipticity condition on function F'.
Now, let us consider the space

Hito = {f eH:Y |(Af,en)ul* (1+ F(o(n))® < OO}

nez
with the inner product defined by

(£ 9mp, = D _(Af e)u(Ag. en)u (1+ F(o(n)))*,

ne”L



for all f,g € H. By the ellipticity condition (7) the following continuous inclusion
holds:

Hib, s H.
Now, we consider the operator Lz, : ﬁ}f{a — H, Ly, = F(T}') + I, defined by

L, f =Y (F(o(n)) +1) (Af, en)nAe,

neL

for all f € ﬁﬁa, where [ : H — H is the identity operator.

Proposition 1.6 Let 0 : Z — C be a real-valued non-negative measurable function,
let A:H — H be a bounded linear operator such that A*> = I, let T* : H — H be
the corresponding generalized Fourier multiplier and let F' : R — R, be a real-valued
non-negative continuous function that satisfies relation (7). Then, for any g € H, the
linear equation

A
LF,o'f =g
has a unique solution f € ﬁﬁa. Moreover,

1l = Al

Remark 1.5 If we suppose, in addition, that the linear operator A : H — H in
Proposition 1.6 is also a self-adjoint operator, we obtain ||f||ﬁ? = |lgll for f € HE,

and g € H.
Remark 1.6 By the above hypoteses, the linear equation F(TA)f + A\f = g is

equivalent to the linear equation Lé,o f = h, where G = — and h = 9. So, by

A A
Proposition 1.6 the last equation has a unique solution f € HZA _ and in addition

77, = 1AR]

1ll7a, = AR

Thus, the initial linear equation has a unique solution f € ﬁé o= H , with
) X

1
||f||7-[%‘0 = 5 1Aglla.
If the linear operator A € B(H) is also a self-adjoint operator, then

1
£ s = S Mgl
%7



In the following we present an example of a function of generalized Fourier mul-
tipliers in connection with a well-known and very important transformation showing
the interplay between the time—frequency analysis and pseudo—differential operators,
namely the Weyl transform. For more details on the Weyl transform, see for example
the papers [36] and [37].

Let W, : L*(R") — L?(R") be the Weyl transform defined by

Woh- 9 = 1) F [ [ rle. W, 0)(z. da
where

W) = @0 [ s (o D)o (o-T)ay
is the Wigner transform and

rel (R") ={rer (R"): 7 e’ &™)},

1 1
where 2 < r < co and 1’ is a conjugate index of r <i.e. -+ == 1) and 7 is a Fourier
roor

transform of 7. Then by Theorem 14.3 from the paper [37], it follows that the Weyl
transform W, : L? (R") — L? (R") is a bounded linear and compact operator.

When 7 is a real valued symbol it follows that W, : L? (R") — L? (R") is also a self-
adjoint linear operator. Hence, using the spectral theorem for compact and self-adjoint
operators, we get

Wef =Y on)(f.en)en, €L (R,

nel

where {@n},c; is an orthonormal basis for L? (R") consisting of eigenvectors of W :
L? (R™) — L*(R") and o(n) is the eigenvalue of W, : L? (R") — L? (R™) corresponding
to the eigenfunction ,,n € Z; the convergence of the series is understood to be in
L? (R™).

Let A : H — H be a self-adjoint invertible operator. Then, for {¢,}nez =
{A o }bnez, we can write

Wof = o(n)(f, Apn) Ay = a(n)(Af, 1) Athy = W,
nez nez

the last equality being a notation.
Let F': C — C be a continuous function. We define the linear operator F' (WTA) :
L?(R") — L* (R™), by

F(W2) f =) F(a(n) (Af, ) Aty

ne”L

10



Then we can prove similar results for the operator F(W#) : L2(R") — L*(R") as
those obtained for the operator F' (T2) : H — H, where H = L*(R") and T = W
For example, we can state the following theorem.

Theorem 1.11 Let 7: R™ x R” — R be a symbol with the properties stated above,
let WA : L2(R") — L*(R"™) be the corresponding generalized Fourier multiplier and let
FWA) . LX(R") — L*(R™) be a linear operator, where A : H — H is a bounded and
self-adjoint operator such that A2 = I. Let o : Z — C be a measurable function and let
F:C — C be a continuous function with the following properties:

(i) F(z122) = F(21)F(22) for all zy, 25 € C;
(ii) |F o 0| = |F oo
(iii)) Foo = Foo.

Then the following statements are true:

(j) The linear operator F(WA) : L2(R") — L*(R") is bounded if and only if F oo €
L>(Z). Moreover, if F oo € L>®(Z) then

IFW) | (r2@ny) = || F 0 0|z zy;

(7i) Suppose that the linear operator F(W?2) : L2(R") — L?(R"™) is a bounded linear
operator. Then F(WA) : L2(R") — L2(R") is compact if and only if F(0) = 0;

(35) The linear operator F(WA) : L2(R") — L?(R") is in the Schatten-von Neumann
class S, 1 < p < 00, if and only if F o |o| € LP(Z). Moreover, if F o |o| € LP(Z), then

IFWHs, = I lolllr@)-

Remark 1.7 If the bounded linear operator A € B(H) satisfies the hypotheses in
Theorem 1.11, then the Weyl transform is actually a standard Fourier multiplier.

Chapter 2, entitled ” a-windowed Fourier transform (a-WFT)”, is dedicated to the
introduction of a new time-frequency transform, called the a-WFT, G§ : L*(R?) —
L*(R?) where « is a fractional parameter and ¢ € L?(R) \ {0} is a window function.

The results presented in this chapter were the subject of the original paper [10],
entitled “a-Windowed Fourier transform (a-WFT)”, published in Journal of
Pseudo-Differential Operators and Applications, vol. 15, article number 75, 2024, to
which the author of the thesis was coauthor with Viorel Catana and Mihaela Gratiela
Scumpu.

To begin with, we briefly introduce some notions related to the fractional Fourier
transform, which was originally introduced by Almeida in his paper [1].

Definition 2.1 For any function f € L*(R), the a-order fractional Fourier trans-
form (FrFT) is denoted by F and is given by

FoUE) = / F (@)Kl €, (8)

where Ko(x,&) denotes the kernel of the FrFT and is given by

11



- 2 42
/1—z207;)t04 exp {1(m +§2)00t0‘ — ifJ}CSCOZ}, o 7& km

Ka(, ) = § 6(x - ©), a =2km
Sz +§), a=2(k+1)r,
where (z,€) € R?, k € Z and §(-) is a Dirac function.
In the particular case a = g the fractional Fourier transform of the function f &€

L*(R) reduces, according to [1], to the classical Fourier transform defined by

FIf1(€) = \/%_W/Rf(x) exp {—i€z} dz.

The inverse fractional Fourier transform corresponding to the relation (8) is given
by

o) = [ PTG
R

For any f,g € L*(R), the Parseval’s relation for the fractional Fourier transform is

given by
(}—a[f]a}-a[g])m(m = (/f, 9)L2(R)-
In particular, for f = g, we obtain
1F U 2wy = 172y

which is the energy preserving relation.

The next result is a definition of fractional convolution.

Definition 2.2 Let f,g € L*(R) be two functions. Then the a-order fractional
convolution is denoted by *, and is defined as

Frag)) = <= [ s@atu—nep {0

s
For o = 5 the fractional convolution defined above reduces to the classical convo-

lution given by

1
*g)(u) = —== x)g(u — x)dx.
(=9 = = [ Fdgtu—a)
The convolution theorem corresponding to (9) states that

FLf *a gl(§) = FELfIUE) Flgl(€ esc ),
for all f,g € L*(R).
In the following we define the concept of the a-windowed Fourier transform. First,

we recall the definition of the classical windowed Fourier transform (WFT) introduced
by Gabor in the paper [15].

Definition 2.3 (WFT) For a window function ¢ € L*(R) \ {0}, its window dau-
ghter function or its windowed Fourier kernel is denoted by ¢, and is defined by

12



() = d(xr — u) exp{iwz}.
The WET of f € L*(R) with respect to the window function ¢ € L*(R)\ {0} is defined
by
Gof(wn) = [ f@)unla)da
R
For an efficient mathematical treatment of the a-windowed Fourier transform to be
introduced, we define a family of functions F3(w, u).

Definition 2.4 For a window function ¢ € L*(R)\ {0} together with the fractional
parameter «, a family of functions F§(w,u) is defined by

Fow,u) = {455,“(13) ‘= ¢(x — u) exp {iwx i gz) COM} RERTN= R} ,

where o # nmw,n € Z is called a fractional parameter.
Lemma 2.1 For ¢3 , € L*(R) we have

165 ull 12 @) = 191l 2y

Definition 2.5 (a-WFT) Let ¢ € L*(R) \ {0} be a window function and let o be
a fractional parameter such that o # nmw,n € Z. Then, the a-WFT of f € L*(R) with
respect to ¢ and « is defined by

G4 f(w,u) = (f, g,u)m(R)

_ / 7(@)

/ f(x)p(x — u)exp {iwx — G 32) COta}dx (10)

(2 0,2 t
/f (x —u exp{—iwx+l<w Z)CO a}dx,

for all (w,u) € R%
Remark 2.1 It is worth noticing that the a-windowed Fourier transform (a-WEFT)
boils down to the usual windowed Fourier transform (WFT) when a = 7.
The properties of the a-windowed Fourier transform were a topic of interest in the
second chapter, so we state some results below.

Remark 2.2 The a-windowed Fourier transform defined in the relation (10) can
also be expressed in the convolution form as

GS f(w,u) = <M7wf *o <5> (u),
where M_,,f(z) = exp {—iwz} f(x) si ¢(x) = ¢(—x).

Moreover, we can observe that the following equality holds

13



FAUGEf(w,u)](§) = F Mo fI(E)F[(& csc ).

Lemma 2.2 Let G f(w,u) be the a-windowed Fourier transform of any function
f € L*(R) with respect to the window function ¢ € L*(R). Then, we get

G f(w,u) = exp { —iwu) / FU() Flop iz 9] (€ cse a)Ka (),

where F denotes the Fourier transform given by (8) in the particular case a = g and
(w,u) € R2

The following two results refer to the boundedness of the a-windowed Fourier trans-
form.

Theorem 2.3 Let ¢ € LP(R),1 < p < oo and let f € L'(R). Then,
HGZf(% ')HLp(R) < ||¢”LP(R) HfHLl(R)7

for all w € R.

Proposition 2.1 Let ¢ € LP(R) and let f € LY(R) where p,q € [1;00] such that
1 + 1 = 1. Then,
p q

\G?;f(w,U)\ < H¢”LP(R) Hf”Lq(R);

for all (w,u) € R%.

Remark 2.3 If we assume p = ¢ = 2 under the assumptions of Proposition 2.1 we
obtain the estimate

\Ggf(w,U)! < H¢”L2(R) ”fHL2(R) ,
for all (w,u) € R% Thus, it follows that Ggh is a bounded function on R? for all
f, ¢ € L*(R), where h(z) = f(x)exp {“32%“’}

Proposition 2.2 The a-windowed Fourier transform (a-WFET) of a function f €
L*(R) with respect to a fractional parameter o and a window function ¢ € L*(R)\ {0}
can be reduced to the classical windowed Fourier transform (WFT), as follows

02
s = {2 G
.2
for all (w,u) € R?, where h(x) = f(x)exp {W}.

In the next result we study some properties of the a-windowed Fourier transform.

Theorem 2.4 Let ¢ € L*(R) \ {0} be a window function and let a be a fractional
parameter. Then, the a-windowed Fourier transform (a-WFT) satisfies the following
properties:

(i) Linearity:

14



[GEAf + pg)(w, )] = MGG f(w,u) + pGgg(w, u),

for all f,g € L*(R) and for arbitrary constants X\ and p.
(ii) Parity:

G%¢(Pf)(w’ u) = gf(_wv —u),

where Pf(z) = f(—x) for every f € L*(R).
(7ii) Modulation:

Gg(Mwof)<w7 u) = sz(“’ - w07u>;

where M, f(z) = exp {iwoz} f(x) for every f € L*(R).
(iv) Shift:

Go(Teo f)(w, u) = exp {—iuxq cot a} exp { —i(w — ¢ cot a)wo }

X Gg f(w — xg cot a, u — 1p),

where Ty, f(x) = f(x — x0) for every f € L*(R).
(v) Conjugation:

G (w.w) = G, f(~w, ),

for all f € L*(R).
(vi) Switching f with ¢:

—iu? cot a

Ggf(w,u) = exp { 5 } exp {—iwu} G ¢(—w + ucot a, —u)
for all f € L*(R).

In the following, we recall a property of the a-windowed Fourier transform concer-
ning the orthogonality relation.

Theorem 2.5 (Orthogonality relation) Let ¢,¢ € L*(R) \ {0} be two window
functions and let « be a fractional parameter. Then

/R/RGgf(w,u)Gig(w, w)dwdu =27 (1, @) 2 ) (f, 9) 12wy

for all f,g € L*(R).

Remark 2.6 According to this theorem, the following statements are true:
(i) If ¢ =1, than

/R /R G (w, )G (@, Wdwdu = 27 6|22z (F 0) e

(ii) If f = g and ¢ = ®, then
o 2
/R / 1G5 (e, )| dwdu = 27 [ 1/ gy

15



or equivalently

HG f”Lz 277)2 ol 12 (R) ||f||L2(]R .
(iii) If [|@|[ j2(ry = 1 in (ii), then

o 2
| [1Gsr@ ) dudu=2x 111,
R JR
(1) 1 [6l(0) = 1 and /2, = L in (i), then

//‘wau‘ dwdu = 2m.

Another interesting property of the windowed Fourier transform is the inversion for-
mula, which allows the reconstruction of the original signal from its windowed Fourier
transform.

Theorem 2.6 (Inversion formula) Let ¢, € L*(R)\{0} be two window functions
such that (¢,¢)L2(R) # 0 and let o be a fractional parameter. Then, any function
f € L*(R) can be reconstructed as follows

1 e o
f(l’) = m/ﬂ{/RG(ﬁf(w,U) w’u(:v)dwdu, (11)

for all x € R. Moreover, if ¢ = ¢ we obtain

flx) = o H¢HL2 // of (w,u)og , (v)dwdu
for all x € R.

In the following we present a result on the range characterization of the a-windowed
Fourier transform.

Theorem 2.7 (Characterization of range of G§) Let ¢ € L*(R) \ {0} be a
window function such that ]\¢\|L2(R) =1 and let o be a fractional parameter. Suppose

that h € L*(R). Then h € G§ (L*(R)) if and only if it satisfies
h(w',u') // w, u) wu,(éw ’)L2(R) dwdu,
for all (W',u) € R

The admissibility condition associated with the a-windowed Fourier transform (a-
WET) is stated in the following result.

Proposition 2.3 Let ¢ € L*(R) \ {0} be a window function. Then ¢ is admissible
if

0<Cy= / | F [exp{iw-}o ()] (Ecsca)|P dw < o0,  ae. £ € R.
R
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In the next proposition we present a convergence result regarding the reconstruction
formula (11).

Proposition 2.4 Let ¢ € L*(R) \ {0} be a window function, let « be a fractional
parameter and let f € L*(R) such that

1
fun(z) = —2// Ggf(w,u) () dwdu.
27TH¢HL2(]R) R J M<w<N

Then, farn ts uniformly continuous and

1 .
Flfunl(©) = 5O [ I Flelioo e do).
2 H¢”L2(R) M<w<N
Proposition 2.5 Let ¢ € L*(R) be a window function. Then, for any f € L*(R),
we have
. 27 1|61 2
M—>_1éon,lN—>oo |f n Cd’ fM7N =0
L2(R)
Moreover, in case F[f] € L'(R), then
. 2 ”(b”iQ(R)
o N T e, S| =0
Lo (R)

In signal processing, an uncertainty principle states that the product of signal va-
riances in the time and frequency domains has a lower bound. In recent years, several
authors have proposed generalizations of the uncertainty principles for different types
of functions and time-frequency transforms (see [18], [19], [34] and [39] for uncertainty
principles associated to the canonical linear transform (LCT)).

In the first theorem of subchapter 2.4 we formulate an uncertainty principle as-
sociated to the a-windowed Fourier transform (a-WFT defined in the relation (10)).
Then, in Theorem 2.9, we briefly present a form of the Lieb uncertainty principle for
the a-windowed Fourier transform. For more details regarding the Lieb uncertainty
principle, see for example papers (2], [17] and [21].

Theorem 2.8 Let G f(w,u) be the a-windowed Fourier transform of a non trivial
function f € L*(R). Then the following uncertainty inequality holds

{ [1er !F“[f](f)lzdf}é L e el e dp};

, Tz binta =P o
= \/@ L2(R) »

where « and B are chosen such that f = «a — 7, sina,sin§,siny # 0 and ¢ is an
admissible wavelet.
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Theorem 2.9 (Lieb’s inequality for a-WFT) Let f € L*(R) be a function and
¢ € LA(R)\ {0} be a window function. Then,

1
2\ P
163 e < () im0 Wl

where 2 < p < 00.

In subchapter 2.5 we establish a connection between the a-windowed Fourier trans-
form (a-WFT) and a version of the fractional Wigner distribution defined by analogy
with the a-WFT.

Definition 2.6 (5-WD) Let 8 € R be a fractional parameter such that § # nw,n €
Z. Then, the fractional B-Wigner distribution (3-WD) of f € L*(R) is defined as

Wﬂf@,g):/Rf(Hg)f(t—g) exp {z <§x— (:EQ_g;)COtB)}dx, (12)

where (t,€) € R2.

In the following theorem we establish a connection between the S-Wigner fractional
distribution (S-WD) and the a-windowed Fourier transform (a-WFT).

Theorem 2.10 If G°f and WP f are the a-WFT and 3-WD of f € L*(R) defined
by (10) and (12), respectively, then the following equality holds

WPf(t,€) = ;2 exp {2 (—4152 cot oo — 2&t + g cot B) }
n H¢HL2(R) 2

« //exp{%t(u cot @+ )} GEOT ) (—, ~( — 20))
RJR
x Gg (M,gg.“(_,t)z Cotﬂf) (w, u)dwdu.

In the last subchapter of Chapter 2 we introduce the semi-discrete and discrete ver-
sions of the a-windowed Fourier transform (a-WFT). For the semi-discrete version we
fix the translation parameter u and let the frequency parameter w vary on the discrete
scales. We then consider both parameters varying on a discrete grid in the fractional
time-frequency plane. Finally, we present the reconstruction formula associated to the
discret a-windowed Fourier transform.

(i) The semi-discrete version of the a-WFET
For this case, we consider w = mwy where wy is a fixed positive constant (named a
lattice parameter) and m € Z. Then, the continuous family Fg(w,u) from Definition
2.4 becomes

f$<m,u>={ o ) = ¢($—U)exp{imwox—i<x2_g2)COta},xeR}, (13)

where a # nm,n € Z si (m,u) € Z x R.
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Now we can give a definition of the semi-discrete a-WFT.

Definition 2.7 Let ¢ € L*(R) \ {0} be a window function and let a be a fractional
parameter. Then, for any f € L*(R), we have

2 f(m,u) = / f () (D),

where ¢y, ., is given by (13) and the integer m controls the frequency w.
(ii) The discrete version of the a- WFT

For this version, we consider w = mwgy and u = nug where wy and ug are fixed positive

constants (called lattice parameters) and m,n € Z. In this context, we obtain the

following discrete family of functions

(14)

1 2
82, (z) = 6l — nuo) exp {Z-mwox i (2 = (nu)?) cota } |

2
where o # km, k € Z si x € R.

Now we can give a definition of the discrete a-WF'T.

Definition 2.8 Let ¢ € L*(R) \ {0} be a window function and let « be a fractional
parameter. Then, for any f € L*(R), we have

2 f(m,m) = / F () (@),

where ¢y, ., is given by (14) and the integers m and n control the frequency and the
translation, respectively.

Chapter 3 is entitled ”Localization operators associated to the a-windowed Fourier
transform”. The first section of this chapter is dedicated to the localization operators
related to the a-windowed Fourier transform, the results related to this topic being
included in the original paper [11], entitled “Localization operators related to
a-windowed Fourier transform”, which was published in UPB Scientific Bulletin,
Series A, Applied Mathematics and Physics, vol. 86, iss. 4, 2024, to which the author
of the thesis was coauthor with Viorel Catana and Mihaela Gratiela Scumpu.

In the second section of Chapter 3, considering  a fast decreasing function in
the Schwartz space S(R), we introduce in Definition 3. 4 a new class of localization
operators BL2 B : L*(R) — L*(R) associated to the a-ferractal Fourier transform,
We also study the properties of boundedness, compactness and belonging to Schatten-
von Neumann classes for this class of localization operators.

Definition 3.1 Let ¢,v € L*(R) \ {0} be two window functions and let « be a
fractional parameter such that o # nm,n € Z. Then, the operator L3 ., : L*(R) —
L*(R) defined in weak sense by

(Luf9) sy = | [ oloru)Gof (w00 Ggr widdu
R JR

= /R/RU(W,U) (f> g,u)Lz(R) ( S’u’g)LQ(R) dwdu,
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for any f,g € L*(R) or hard defined by

Lg7¢7¢f = /R/RO-(C%U) (fa ¢g,u)L2(R) iude’u,

for any f € L*(R), is called the localization operator associated to the a-windowed
Fourier transform with respect to the symbol o € L'(R?*) U L™ (R?).

Remark 3.1 Using the inversion formula from Theorem 2.6, the localization ope-
rator L3, + L*(R) — L*(R) can be defined as

1 -
(L§,¢,wf79)L2(R) = m/R/Ra(cu?u)Ggf(w,u)Gj}g(w,u)dwdu,

for any f,g € L*(R) and ¢,¢ € L*(R)\{0} two window functions such that (v, D) L2(r) 7
0.

We observe that if o(w,u) = 1 for any (w,u) € R?, then the orthogonality relation in
Theorem 2.5 implies that the corresponding linear operator coincides with the identity
operator on L*(R). So the function o : R*? — C which is called the symbol of the
localization operator Lg 4, : L*(R) — L*(R) is introduced to localize on R?, so that
we obtain a non trivial bounded linear operator on L*(R). Hence the terminology
frequently used by location operator.

It follows that the operators considered in Definition 3.1 and those in Remark
3.1 differs by a multiplicative constant that depends on the two admissible windows
¢, € L*(R) \ {0}.

In the following, we recall some results concerning the boundedness in L?*(R) of the
localization operator LS, , : L*(R) — L*(R). Propositions 3.1 and 3.2 include the
study of the boundedness property of the localization operator Lg ; , when the symbol
o belongs to the spaces L'(IR?), respectively L>(R?).

Proposition 3.1 Let 0 € L*(R?) be a symbol, let ¢, € L*(R)\ {0} be two window
functions and let o be a fractional parameter such that o # nw,n € Z. Then, the
localization operator Ly , L*(R) — L3(R) is a well-defined bounded linear operator

HLgvd’a@b”B(L?(R)) < ||¢||L2(]R) ||¢||L2(]R) ||g||L1(R2) :

Proposition 3.2 Let 0 € L>(R?) be a symbol, let ¢, € L*(R)\{0} be two window
functions and let « be a fractional parameter such that o # nm,n € Z. Then, the
localization operator LS, , : L*(R) — L*(R) is a well-defined bounded linear operator

||Lgy¢»¢HB(L2(R)) <2 H¢HL2(R) HwHLQ(R) HO—HLOO(RQ) :

In the next theorem we study the boundedness in L*(R) of the localization operator
LS4 P(R) = L*(R) when o € LP(R?),1 < p < o0.

Theorem 3.1 Let 0 € LP(R?),1 < p < oo be a symbol, let ¢,1p € L*(R) \ {0} be
two window functions and let « be a fractional parameter such that o # nm,n € Z.
Then, there exists a unique bounded linear operator L, 5, - L*(R) — L*(R) such that
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1
125 60l sy < @7 1812y 18] 2y ol ey

where p’ is the conjugate index of p (z’.e. %—1— 1% = 1) and Lg 4., 1s defined for any
f,g € L*(R) and all simple functions o € R? for which p{(w,u) € R? : o(o(w,u) #
0} < 0.

In the following statements we present some results concerning the Schatten-von
Neumann properties of the localization operator L, : L*(R) — L*(R), when its
symbol o is in LP(R?),1 < p < oco.

Proposition 3.3 Let 0 € L*(R?) be a symbol, let ¢, € L*(R)\ {0} be two window

functions and let « be a fractional parameter such that o # nm,n € Z. Then, the
localization operator LS, , + L*(R) — L*(R) is in the Hilbert-Schmidt class Sy and

s ¢w||32 ZHL qswanLa

where {&, }n>1 15 an orthonormal basis of L*(R).

Proposition 3.4 Let 0 € L*(R?) be a symbol, let ¢, € L*(R)\ {0} be two window
functions and let « be a fractional parameter such that o # nm,n € Z. Then, the
localization operator LS, + L*(R) — L*(R) is in the trace class Sy and

1 5.0lls, < el oy 191 gy Il o oy

In the next proposition we state and prove a compactness result about the lo-
calization operator LS, , : L*(R) — L*(R), under the hypothesis that its symbol

o€ [P(R?*),1 < p < oo.

Proposition 3.5 Let o € LP(R?),1 < p < oo be a symbol, let ¢,¢ € L*(R) \ {0}
be two window functions and let o be a fractional parameter such that o # nm,n € Z.
Then, the localization operator L, « L*(R) — L*(R) is compact.

Theorem 3.4 Let o € LP(R?),1 < p < 0o be a symbol, let ¢, € L*(R)\ {0} be two
window functions and let o be a fractional parameter such that o # nmw,n € Z. Then,
the localization operator L , . - L*(R) — L*(R) is in the Schatten-von Neumann class

S, and

Lo mpHS 27T)p Ol L2y 191l Loy llo | Lo (r2) s

where p’ is the conjugate index of p.

In the next result we present a bilateral estimate of the norm in the trace class of
the localization operator L, , - L*(R) — L*(R), considering the symbol o € L'(R?).

Theorem 3.5 Let o € L*(R?) be a symbol, let ¢,vp € L*(R) \ {0} be two window
functions and let o be a fractional parameter such that o # nw, n € Z. Then, the
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following estimation holds

1
2 2
™ (191132qg) + 19 132e

) ool 2 zey < (L5005, < IllLa 1] 2y ol i),

(15)
where 04, : R? = C is defined by

oW, ) = (LG4 480 s Vo) oy

In the next proposition we establish a formula for the trace tr (L"‘ 6, ¢) of the loca-
lization operator Lg 4, : L*(R) — L*(R) under the assumption that o € L'(R?).

Proposition 3.6 Under the hypotheses of Theorem 3.4 it follows that the trace
tr (L‘;Qw) of the localization operator Ly ., is given by the formula

UM} // o(w,u) wu, ) dwdu

Remark 3.2 If ¢ is a positive real function in L'(R?) and ¢ = 1, then the estimates
in relation (15) are sharp.

In the following we state and prove a result regarding the norm in the trace class
S1 of the power n for the product of two localization operators.

Proposition 3.7 Let 0y, 05 be two positive real functions in L*(R?) and let ¢ be a
window function in L*(R) \ {0}. Suppose that the operators LY 4, : L*(R) — L*(R)
and LS, 4 - L*(R) — L*(R) commute with each other, and the operator L, 4 LS, 4 -
L*(R) — L*(R) is positive. Then, the linear operators L3, , 4, L%, 4 5 and LY 4 LS, o
are positive and belong to the trace class Sy. Moreover,

(L5, o0L006) |15, < [1Lo10.lls, 1£o0s0lls, -
for alln € N.

In subchapter 3.2 we focus our attention on a new class of localization operators of
the form BLS, B : L*(R) — L*(R) associated to the a-windowed Fourier transform,
considering 5 a fast decreasing function in the Schwartz space S(R).

In the next result we define a new class of localization operators of the form
BLS 440« L*(R) — L*(R) associated to the a-windowed Fourier transform.

Definition 3.9 Let 0 € L'(R?) + L*(R?) be a symbol, let ¢,vp € L*(R) \ {0}
be two admissible window functions (wavelets), let a be a fractional parameter such
that « # nm,n € Z and let f € S(R), where S(R) is the Schwartz space of rapidly
decreasing functions on R. Then, the localization operator associated to a-windowed
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Fourier transform BL2 , wﬂ : L3(R) — L*(R) is defined by
(BLS 4 wBf.9) oy = (Lo 6.8, B9) pae
// o(w,u) (B, ¢wu)L2 (Vi BY) oy dwdu (1)
= [ [ ) (7:802.) gy (90209) sy i

for any f,g € L*(R?).
These non-adjoint operators are reminiscent of the Landau-Pollak-Slepian operators
encountered in papers [22], [27], [30], [31] and [32].

For the operators introduced in the relation (16) we are interested to study the
Schatten-von Neumann boundary and properties. A first result in this sense is related
to the L?-boundedness of the localization operator LS, 8 : L*(R) — L*(R) when
the symbol o € L'(R?).

Proposition 3.8 Let 0 € L'(R?) be a symbol, let ¢,vp € L*R) \ {0} be two
admissible window functions and let a be a fractional parameter such that o # nmw,n €

Z. Then, for any function (8 in the Schwartz space S(R), the localization operator
BLS 4 40 : L*(R) — L*(R) is bounded and

18ZE 6.0 oy < IO ey 10l 2oy 19 ey 111y

A result concerning the L2-boundedness of the localization operator 5L37¢,¢B ;
L*(R) — L?*(R), when the symbol o € L>(R?), is presented in the following proposi-
tion.

Proposition 3.9 Let 0 € L™®(R?) be a symbol, let ¢, € L*(R) \ {0} be two
admissible window functions and let a be a fractional parameter such that o # nmw,n €

Z. Then, for any function B in the Schwartz space S(R), the localization operator
BLS 4 40 L*(R) — L*(R) is bounded and

2
HBL ¢¢;5HB L2(R < 2m Hﬁ“LOO(R) ”¢“L2(R) ’WHLZ(R) HUHLOO(R2) :
In the next theorem we present a boundedness result in L*(R) for the localization
operator SLS, 6« L*(R) — L*(R) when the symbol ¢ € LP(R?), 1 < p < oco.

Theorem 3.6 Let 0 € LP(R?), 1 < p < oo be a symbol, let ¢, € L*(R) \ {0}
be two admissible window functions and let o be a fractional parameter such that o #
nm,n € Z. Then, for any fized function B in the Schwartz space S(R), there exists a
unique bounded linear localization operator BLg, ¢,¢B : L*(R) — L3(R) such that

L 2
HﬂL ¢¢ﬁ||5 L2(R)) > < (2m)» HBHLOO(R) H¢HL2(1R) H¢HL2(R) ”UHLP(R?):

where p’ is the conjugate index of p <i.e. 110 + z% = 1).
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We can also state and prove a result regarding the belonging of the localization
operator L, B« L*(R) — L*(R) to the trace class Si.

Theorem 3.7 Let 0 € L'(R?) be a symbol, let ¢,v € L*(R)\ {0} be two admissible
window functions and let a be a fractional parameter such that o # nm,n € Z. Then,
for any function  in the Schwartz space S(R), the localization operator SLS qﬁwﬁ
L*(R) — L*(R) is in the trace class Sy and

HﬁLampﬁHSl < ”5||Loo(R) 11l 2ry 191 L2y o]l 21 R2)-

In the following result we present the formula for the trace tr (ﬁLg’(ﬁwﬁ) of the
localization operator SLZ , 3 : L*(R) — L*(R).

Proposition 3.10 The trace tr (5La¢¢5) of the localization operator /BLaqwﬁ
L*(R) — L*(R) is given by

tr (BL2.,.,F) = / / 00, 0) (BUE e B0 oy vt

A result concerning the compactness of the localization operator SLg , B: L*(R) —
L*(R) is presented in the following.

Proposition 3.11 Let 0 € LP(R?), 1 < p < oo be a symbol, let ¢,v € L*(R) \ {0}
be two admissible window functions and let o be a fractional parameter such that o #
nm,n € Z. Then, for any function [ in the Schwartz space S(R), the localization
operator SLS , B+ L*(R) — L*(R) is compact.

Considering the symbol o € LP(R?), 1 < p < oo and using the Riez-Thorin in-
terpolation theorem for Lebesgue spaces and Schatten-von Neumann classes it can be
proven that the localization operator ﬁLg,(WB : L*(R) — L3(R) is in the Schatten-von
Neumann class S),.

Proposition 3.12 Let 0 € LP(R?), 1 < p < oo be a symbol, let ¢,v € L*(R) \ {0}
be two admissible window functions and let o be a fractional parameter such that o #
nm,n € Z. Then, for any function B in the Schwartz space S(R), the localization
operator BLU(WB : L(R) — L*(R) is in the Schatten-von Neumann class S, and

HﬂL ¢¢5HS 27T)” ”5”@0 (R) |‘¢‘|L2(R) ‘WHH(R) HU”Lp(W)a

where p’ is the conjugate index of p.

In the next result we present a bilateral estimate of the norm in the trace class of the
localization operator LS , .3 : L*(R) — L*(R), considering the symbol o € L'(R?).

Theorem 3.8 Let o € L'(R?) be a symbol, let ¢, € L*(R)\ {0} be two admissible
window functions and let o be a fractional parameter such that o # nmw,n € Z. Then,
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the following estimate holds
1

2 2
™ (191132(g) + 1913 2e

) HU¢>,¢HL1(R2) < ||5Lg,¢,¢BH31

2
< BN ooy 18]l L2y 191 2@y ol 1 gy »
unde o4, : R? — C is given by

O¢y (w> u) = (5Lg,¢,¢3¢g,uv 37U)L2(R)'
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